ON A GROMOLL-MEYER TYPE THEOREM 
IN GLOBALLY HYPERBOLIC STATIONARY SPACETIMES 

LEONARDO BILIOTTI, FRANCESCO MERCURI, AND PAOLO PICCIONE 

ABSTRACT. Following the lines of the celebrated Riemannian result of Gromoll and 
Meyer 1211 . we use infinite dimensional equivariant Morse theory to establish the existence 
of infinitely many geometrically distinct closed geodesies in a class of globally hyperbolic 
stationary Lorentzian manifolds. 
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1. Introduction 

The question of existence of closed geodesies is one of the most classical theme of Rie- 
mannian geometry (see [31 1); spectacular contributions to the theory of global geometry 
have been given in this area by very many authors, including Hadamard, Cartan, Poincare, 
Birkhoff, Morse and many others. Variational techniques for establishing the existence and 
the multiplicity of closed geodesies have been developed and employed by many authors, 
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including among others Ljusternik, Schnirelman, Fet, Klingenberg, Gromoll and Meyer. 
Closed geodesies are critical points of the geodesic action functional in the space of closed 
paths, and existence results may be obtained by applying global variational techniques to 
this variational problem. In particular, Morse theory has been used by Gromoll and Meyer 
(see I12T1 ) to establish the celebrated result on the existence of infinitely many geometri- 
cally distinct closed geodesies in simply connected Riemannian manifolds, whose space 
of free closed curves has unbounded rational Betti numbers. 

As to the existence of closed geodesies in manifolds endowed with a non positive defi- 
nite metric, very few results are available in the literature, and basically nothing is known 
on their multiplicity. An earlier result by Tipler (see [47 1) gives the existence of one closed 
timelike geodesic in compact Lorentzian manifolds that admit a regular covering which 
has a compact Cauchy surface. More recently, Guediri (see [27. 28 1) has extended Tipler's 
result to the case that the Cauchy surface in the covering is not necessarily compact. In 
this situation, a closed geodesic is proven to exist in each free timelike homotopy class 
which is determined by a central deck transformation. It is also proved in [27 1 that com- 
pact flat spacetimes contain a causal (i.e., nonspacelike) closed geodesic, and in ll28ll the 
author proves that such spacetimes contain a closed timelike geodesic if and only if the 
fundamental group of the underlying manifold contains a nontrivial timelike translation. 
The existence of closed timelike geodesic has been established also by Galloway in iTBll . 
where the author proves the existence of a longest closed timelike curve, which is neces- 
sarily a geodesic, in each stable free timelike homotopy class. Also non existence results 
for nonspacelike geodesies are available, see |[T5ll29l . 

All these results are based on the notion of Lorentzian distance function (see 15] Ch. 4]). 
Recall that in Lorentzian geometry only nonspacelike geodesies have length extremizing 
properties, while for spacelike geodesies usual geometrical constructions (curve shortening 
methods) do not work. The question of existence of closed geodesies of arbitrary causal 
character has to be studied using the quadratic geodesic action functional in the Hilbert 
manifold of closed paths of Sobolev regularity H 1 ; its critical points are typically sad- 
dle points. In the Lorentzian (or semi-Riemannian) case, the variational theory associated 
to the study of the critical points of this quadratic functional is complicated by the fact 
that, unlike the Riemannian counterpart, the condition of Palais and Smale is never satis- 
fied. Moreover, this functional is not bounded from below, and its critical points always 
have infinite Morse index. In HI the authors use an approximation scheme in the theory of 
Ljusternik and Schnirelman to determine the existence of a critical point of the geodesic ac- 
tion functional in the space of closed H 1 curves in a class of product Lorentzian manifolds, 
whose metric is of splitting type. Such critical point corresponds to a spacelike closed ge- 
odesic; in this situation, thanks to the result of Galloway 03), one has two geometrically 
distinct closed geodesic, one is timelike and the other is spacelike. A. Masiello has proved 
the existence of one (spacelike) closed geodesic in standard stationary Lorentzian mani- 
folds M = Mq x E, whose spatial component Mq is compact. More recently (see iTTOl ). 
using variational methods the authors have established the existence of a closed geodesic 
in each free homotopy class corresponding to an element of the fundamental group having 
finite conjugacy class, in the case of static compact Lorentzian manifold. In 11431 . the au- 
thor shows that one closed timelike geodesic exists in compact Lorentzian manifolds that 
are conformally static, provided that that the group of deck transformations of some glob- 
ally hyperbolic regular covering of the manifold admits a finite conjugacy class containing 
a closed timelike curve. 

In this paper, we develop a Morse theory for closed geodesies in a class of stationary 
Lorentzian manifolds, obtaining a result of existence of infinitely many distinct closed 
geodesies analogous to the corresponding result of Gromoll and Meyer in the Riemannian 
case. More precisely, the result will hold for simply connected stationary manifolds whose 
free loop space has unbounded Betti numbers (relatively to any coefficient field), and that 
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admit a compact Cauchy sur faceQ Let us recall briefly the essential ingredients required in 
Gromoll and Meyer's theory. One considers the geodesic action functional / on the Hilbert 
manifold AM of all closed paths of Sobolev class H 1 on a compact and simply connected 
Riemannian manifold (Af, g); this functional is bounded from below, it satisfies the Palais- 
Smale condition and its critical points are exactly the closed geodesies. The compact group 
0(2) acts equivariantly on AM via the operation of 0(2) on the parameter circle S 1 ; the 
orbits of this action are smooth (compact) submanifolds of AM. In particular, the critical 
points of / are never isolated; nevertheless, using a generalized Morse Lemma for possibly 
degenerate isolated critical point (see (20)), generalized Morse inequalities can be applied 
to obtain estimates on the number of critical orbits, provided that these orbits are isolated. 
Finally, one has to distinguish between critical orbits that correspond to iterates of the 
same closed geodesic. This is done using an iteration formula for the Morse index (and 
the nullity) of the rt-fold covering of a given closed geodesic, which is obtained from a 
celebrated result due to Bott (see 0). Using a Morse index theorem for closed geodesies, 
the Morse index of the n-th iterated of a closed geodesic is proven to be either bounded, or 
to have linear growth in n. Using this fact one proves that if (M, g) has only a finite number 
of geometrically distinct closed geodesies, then the rational Betti numbers of AM must 
form a bounded sequence. Restriction to the case of a field of characteristic zero was used 
by the authors to prove an estimate on the dimension of relative homology spaces of certain 
fiber bundles; an elementary argument based on the Mayer- Vietoris sequence, discussed in 
AppendixlAl shows that such restriction is not necessary^ Thus, if AM has an unbounded 
sequence of Betti numbers, (M, g) must contain infinitely many geometrically distinct 
closed geodesies. It is known (see ll48ll ). that the existence of an unbounded sequence 
of rational Betti numbers of the free loop space of M is equivalent to the fact that the 
rational cohomology algebra of M is generated by at least two elements. In particular, if 
M has the same homotopy type of the product of two simply connected compact manifold, 
then AM has unbounded rational Betti numbers. Ziller ll50l has proved that any compact 
symmetric space of rank greater than 1 has unbounded Z^-Betti numbers; McCleary and 
Ziller [ 34 1 have later proved that the same conclusion holds for compact, simply connected 
homogeneous spaces which are not diffeomorphic to a symmetric space of rank one. 

Several extensions of the theory have been developed in the context of Riemannian 
manifolds (see EJ [31 SJ EH [23] [24J g5J), Finsler manifolds (El) and, recently, of Rie- 
mannian orbifolds (see ll25l ). Reference [46 ] is a good survey paper on the classical results 
of Gromoll-Meyer type. 

When passing to the case of Lorentzian metrics, none of the arguments above works. 
First, the geodesic action functional / is not bounded from below and it does not satisfy 
the PS condition; besides, the Morse index of each critical point is infinite. In this paper 
we consider the case of stationary Lorentzian manifolds that admit a complete timelike 
Killing vector field. Timelike invariance of the metric tensor allows to determine a smooth 
embedded submanifold Af of AM with the following properties: 

• has the same critical points of /; 

• Af has the same homotopy type of AM ; 

• / is bounded from below and it satisfies the PS condition on each connected com- 
ponent of Af; 

• each critical point of f\j^ has finite Morse index; 

• if a critical point is degenerate for f\j\f, then it is also degenerate for /. 

The abelian group G = 0(2) x R acts (isometrically) on Af, and / is G-invariant. The 
group 0(2) acts on the parameter space S 1 of the curves, and as in the Riemannian case, 
this action is not smooth, but only continuous. Nevertheless, if 7 is a smooth curve, then 

'Recall that any two Cauchy surfaces of a globally hyperbolic spacetime are homeomorphic. 

9 

Extension of the Gromoll and Meyer result to non zero characteristic seems to have been established in the 
subsequent literature. 
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the orbit 0(2)7 is smooth, and it is diffeomorphic to 0(2) if 7 is not constant. In particu- 
lar, critical orbits are always smooth. The group 1R acts by translation along the flow lines 
of the timelike Killing vector field; obviously, the actions of 0(2) and of R commute. In 
this situation, we define geometrically distinct two closed geodesies that belong to differ- 
ent G-orbits, and that cannot be obtained one from another by iteration. The action of II 
is free, the orbit space given by the quotient N = Af/M, is a smooth manifold and M is 
diffeomorphic to the product N x R. Thus, in order to study multiplicity of distinct closed 
geodesies, it suffices to study geometrically distinct critical 0(2)-orbits for the constrained 
functional f\r>. The central result of this paper, which gives the existence of infinitely 
many distinct closed geodesies in a class of stationary Lorentzian manifolds, is obtained 
applying equivariant Morse theory to this setup. Essential tools for the development of the 
theory are a calculation of the Morse index for each critical point of /|jv, and a formula 
that describes its growth under iterations. The Morse index is given in terms of symplectic 
invariants of the geodesic, such as the Conley-Zehnder and the Maslov index, and it is 
computed explicitly in Theorem l6.4l which is a Morse index theorem for possibly degen- 
erate closed Lorentzian geodesies. This result is obtained by purely functional analytical 
techniques, proving a preliminary result (Theorem l3.10b that gives a method for computing 
the index of essentially positive symmetric bilinear forms, possibly degenerate, in terms of 
restrictions to possibly degenerate subspaces. We believe that this result has interest in its 
own, and that its applicability should go beyond the purposes of the present paper. Using 
this method, one reduces the computation of the Morse index for periodic geodesies to the 
Morse index of the corresponding fixed endpoint geodesic, avoiding the usual assumption 
of orientability of the closed geodesic (see [391). The Morse index theorem is given in 
terms of a symplectic invariant of the geodesic, called the Maslov index; in order to esti- 
mate its growth by iteration, we use a recent formula that gives an estimate on the growth 
of another symplectic invariant, called the Conley-Zehnder index (Proposition 14.3b . For 
orientation preserving geodesies, the two indices are related by a simple formula, involving 
a four-fold index, which is called the Hormander index (Proposition l4.2b . Using the growth 
formula for the Conley-Zehnder index and the (non trivial) fact that the Morse index is, 
up to a bounded perturbation, nondecreasing by iteration (Lemma [6.5b . we then obtain a 
superlinear estimate on the growth of the Maslov index of an iterate of a closed geodesic 
(Proposition ^. 7l and Corollarv l6.81 l. As to the nullity of an iterate, the result is totally anal- 
ogous to the Riemannian case using the linearized Poincare map (Lemma [6.9t . This setup 
paves the path to an application of infinite dimensional equivariant Morse theory, in the 
same spirit as Gromoll and Meyer's celebrated result, that gives the existence of infinitely 
many critical points for the functional f\r>. 

We will now give a formal statement of the main result of the paper. Let (M , g) be 
a globally hyperbolic stationary Lorentzian manifold, and let us assume that M admits a 
complete timelike Killing vector field y. Denote by Tt , t G R, the flow of y; clearly, if 7 
is a (closed) geodesic in M , then also Tt 7 is a (closed) geodesic for all t G R. 

In order to state our main result, we need to give an appropriate notion of geometric 
equivalence of closed geodesies. 

Definition. Given closed geodesies 7^ : [a,, &,] — * M, i — 1, 2, in a stationary Lorentzian 
manifold (M, g), we will say that they are geometrically distinct, if there exists no t G R 
such that the sets T 7i([ai, &i]) and 72 ([02, 62]) coincide. 

The main result of this paper is the following: 

Theorem. Let (M, g) be a simply connected globally hyperbolic stationary Lorentzian 
manifold having a complete timelike Killing vector field, and having a compact Cauchy 
surface. Assume that the free loop space AM has unbounded Betti numbers with respect 
to some coefficient field. Then, there are infinitely many geometrically distinct non trivial 
(i.e., non constant) closed geodesies in M. 
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Note that, by causality, every closed geodesic in (M, g) is spacelike. It should be ob- 
served here that, although the notion of geometric equivalence given above depends on the 
choice of a complete timelike Killing vector field, the property of existence of infinitely 
many geometrically distinct closed geodesies is intrinsic to (M, g) (see Remark[8jJ- It is 
also interesting to observe that the statement of the Theorem admits a mild generalization 
to the case of non simply connected manifolds (see Remark [8~4l >. 

The paper is organized as follows. Section [2] contains a few basic facts concerning 
bilinear forms and their index; in Section [5] we prove the main result concerning the com- 
putation of the index of an essentially positive symmetric bilinear form on a real Hilbert 
space (Theorem l3.10l ). In Section [4] we recall the notions of Conley-Zehnder index for a 
continuous symplectic path, and of Maslov index for a continuous Lagrangian path. The 
central result is an inequality (Corollary |4.7b that provides an estimate on the growth of the 
Maslov index of the iterate of a periodic solution of a Hamiltonian system. The definition of 
such index depends on the choice of a periodic symplectic trivialization along the solution 
of the Hamiltonian. When applied to the case of periodic geodesies on a semi-Riemannian 
manifold M, under a certain orientability assumption we have a canonical choice of a class 
of periodic symplectic trivializations along the corresponding periodic solution of the geo- 
desic Hamiltonian in the cotangent bundle TM* (Subsection l4.4l ). and we therefore obtain 
estimates on the growth of the Maslov index of orientation preserving periodic geodesies. 
The results in Section|4]are valid for closed geodesies in arbitrary semi-Riemannian man- 
ifolds. Section[5]contains some material on the geodesic variational problem in stationary 
Lorentzian manifolds and on the Palais-Smale condition of the relative action functional. 
In Section[6]we prove a general version of the Morse index theorem for closed geodesies 
in stationary Lorentzian manifold, that holds in the general case of possibly degenerate and 
non orientation preserving geodesies (Theorem l6.4l i. This is obtained as an application of 
Theorem 13. 101 which reduces the periodic case to the case of fixed endpoints geodesies. 
In subsection 16.21 we first show that the Morse index of an iV-th iterate is nondecreasing 
on N, up to adding a bounded sequence. Then, we use the Morse index theorem and the 
estimates on the growth of the Maslov index to get an estimate on the growth of the Morse 
index under iteration. The central result (Proposition ^. 71 Corollary 16. 81 ). which provides 
an alternative approach to the iteration theory of Bott [ 8 1 also for the Riemannian case, says 
that the index of an iV-th iterate is either bounded or it has linear growth in N, up to adding 
a bounded sequence. The nullity of an iterate is studied in Subsection l6.3l and the result is 
totally analogous to the Riemannian case. Finally, in Section[7] we use equivariant Morse 
theory for isolated critical 0(2)-orbits of the action functional / in Sf to prove our main 
result. We follow closely the original paper by Gromoll and Meyer, but we take advantage 
of a more recent approach to equivariant Morse theory ([12, 49]), that simplifies some of 
the constructions in iPTll . The local homological invariant at an isolated critical orbit is 
defined as the relative homology of the critical sublevel, modulo the sublevel minus the 
critical orbit. Using excision, this invariant is computed as the relative homology of a fiber 
bundle over the circle modulo a subbundle; these bundles can be described as associated 
bundles to the principal fiber bundle 0(2) — > 0(2)/T, where T C SO (2) is the stabilizer 
of the orbit. One of the crucial steps in Gromoll and Meyer construction is an estimate on 
the dimension of this relative homology (see ( 17.14b ); this estimate is proven in AppendixlAl 
in the case of homology with coefficients in arbitrary fields using the Mayer- Vietoris se- 
quence in relative homology. This allows a slight generalization of the original result in 
IF2TI . in that no restriction is posed on the characteristic of the coefficient field. 

In order to make the paper essentially self-contained, and to facilitate its reading, we 
have opted to include in the present version of the manuscript the full statement of some 
results already appearing in the literature and needed in our theory. Quotations of the 
original authors and complete bibliographical references are given for the proof of these 
results. 
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2. Preliminaries about bilinear forms on normed vector spaces 

In this section we collect a few elementary facts on bilinear forms on vector spaces. All 
vector spaces considered in the entire text are assumed to be real. Given a (normed) vector 
space X, we will denote by X* its (topological) dual; let B : X x X — > 1R be a bilinear 
form on X. The _B-orthogonal complement of a subspace S C X is defined by: 

S ±B = {x E X : B(x, y) = 0, for all y E S}; 

the kernel of B is defined by: 

Kcr(_B) = X ±B = {x e X : B(x,y) = 0, for all y E X). 

Given a subspace S C X, then Ker(B|s xS ) = SnS 1 - 3 ; if (Si) ie i is a family of subspaces 

ofX,then ^iei S i) ° = f) ie i $i~ B ■ We say that _B is nondegenerate if Kcr(_B) = {0}. 
A subspace 5 C X is called isotropic if B\sxS = 0. Assume now that £> is symmetric. We 
say that B is positive definite (resp., positive semi-definite) if B(x, x) > for all nonzero 
x E X (resp., B(x, x) > 0, for all x E X). Similarly, we say that B is negative definite 
(resp., negative semi-definite) if B(x, x) < for all nonzero x E X (resp., B(x, x) < 0, 
for all x E X). A subspace S C lis called positive (resp., negative) for B if B\s x s is 
positive definite (resp., negative definite). The index of B is the (possibly infinite) natural 
number defined by: 

n_ (B) = sup |dim(M / ) : W C X is a negative subspace for , 

and the co-index of B is defined by: 

n + (B)=n_(-B). 

When not both n_ (B) and n + (£?) are infinite, the signature of B is defined as the differ- 
ence sign(_B) = n_(£>) — n + (B). 

We collect in the following lemma all the elementary results concerning bilinear forms 
on vector spaces that will be used throughout. 

Lemma 2.1. Let X be a vector space and let B be a symmetric bilinear form on X. 

(1) IfX = X\ © Xi is a B-orthogonal direct sum decomposition, i.e., B(x\ , X2) = 
for all x 1 E X lt x 2 E X 2 , then Kcr(B) = Ker(B| XlX Xi) © Kei(B\x 2 xx 2 )- 
In particular, B is nondegenerate if and only if B\x 1 xX 1 an d B\x 2 xX 2 are both 
nondegenerate. 

(2) IfScX is a subspace with X = Ker(B) © S, then B\s x s " nondegenerate. 

(3) IfX — S (B S ±B then B\s x s is nondegenerate. Conversely, if S is finite dimen- 
sional and B\sxS is nondegenerate then X = S © S ±B . 

(4) Given any subspace Y C X, then: 

u + (B\ Y xy) < n+(B) < u + (B\ Y xy) + codim x (F), 
n_(B\ YxY ) <n_(B) <n_(B|y x y)+codim x (y). 

(5) Let X = X\ ©X 2 be a direct sum decomposition such that B is positive definite on 
X\ and negative semi-definite on X 2 ( resp., negative definite on X\ and positive 
semi-definite on X 2 ). Then n + (_B) = dim(Xi) (resp., n_(_B) = dim(Xi)). 

(6) Assume that X = X\ © X 2 is a B-orthogonal direct sum decomposition such 
that B is positive definite (resp., negative definite) on both X\ and X 2 . Then 
B is positive definite (resp., negative definite) on X. Similarly, if B is positive 
semi-definite (resp., negative semi-definite) on both X\ and X 2 then B is positive 
semi-definite (resp., negative semi-definite) on X. 

(7) Let S C X be a maximal subspace on which B is positive definite ( resp., negative 
definite). Then B is negative semi-definite (resp., positive semi-definite) on S ±B . 
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(8) Let X = Xi © X 2 be a B-orthogonal direct sum decomposition. Then: 

n+(73) = n + (B| XlxXl ) + n+(B|x 2 xx 2 ), 
n_(73) =n_(B| XlxXl )+n_(B| X2xX2 ). 

(9) Let S C X, N C Ker(B) be subspaces with X = N © S. Then: 

n+(B\ SxS ) = n+(B), n_(73| S x S ) = n_(B). 

(10) Let Y be a vector space and let q : X — > Y be surjective linear map with 
Ker(g) C Ker(73). Then there exists a unique map B : Y x Y — > R swc/i 
//zaf: 

B(q{xi), q(x 2 )) = B(xi,x 2 ), for all Xi,x 2 G X: 
the map B is a symmetric bilinear form on Y. Moreover: 

(2.1) Kcr(B) = q(Kcr(B)) = Kcr(73)/Kcr(q), 

(2.2) n + (B)=n+(B), n_(5) = n_(S). 

/n particular, ifKer(q) = Ker(73) f/zen 73 is nondegenerate. 

(11) The following formula holds: 

(2.3) dimpO = n + (73) +n_(73) +dim(Kcr(/3)). 

(12) Lef X\,X<i C X be 73-orthogonal subspaces, i.e., B(xi,x 2 ) — for all xi G Xi, 
x 2 G X 2 . 7f X = Xi + X 2 (not necessarily a direct sum) then: 

n+(/3) = n + (73| XlxXl ) + n + (B\x 2 xX 2 ), 
n_ (73) = n_ (B \ Xl x Xl ) + n_ (73 1 x 2 x x 2 ) . 

(13) Lef B be a symmetric bilinear form on a vector space X. If 73 is positive semi- 
definite or negative semi-definite then: 

Kcr(73) = {x G X : B(x,x) = 0}. 

In particular if B is positive semi-definite ( resp., negative semi-definite) and non- 
degenerate then 73 is positive definite (resp., negative definite). 

(14) If B is nondegenerate and symmetric, and S C X is an isotropic subspace, then: 

dim(S) < n_(73), dim(S) < n+(73). □ 

Let us now consider a (real) normed space X. If T : X — > Y is a continuous linear 
map between normed spaces then T* : Y* — > X* denotes the transpose map defined by 
T*(a) = a o T. If 5 C X is a subspace we denote by S° G X* the annihilator of i.e.: 

S° = {a G X* : a| s = 0}. 

If X, y are Banach spaces and T : X — > F is a continuous linear map then Kcr(T*) = 
Im(T)° and Im(T*) C Kcr(T)°. Moreover, if Im(T) is closed in Y then Im(T*) = 
Ker(T)°. Given a closed subspace S C X, denote by g : X — > X/S* the quotient map; 
then q* : (X/S)* — > X* is injective and its image equals S 10 . Moreover, if X is reflexive, 
by identifying X with X** in the usual way, the bi-annihilator (S°)° equals the closure of 
S. 

Remark 2.2. If X, Y are sets and / : X — ► Y is a map then a subset 5 C lis called 
saturated for f (or f -saturated) if xi G 5, a; 2 G X and /(xi) = f{x 2 ) imply x 2 G S*. 
If X, y are vector spaces, / is linear and S G X is a subspace then 5 is /-saturated if 
and only if Ker(/) C S. Observe that if X, Y are Banach spaces and / : X — ► Y is a 
surjective continuous linear map then, by the open mapping theorem, / is a quotient map 
in the topological sense; hence a saturated subset S C X is open (resp., closed) in X if 
and only if f(S) is open (resp., closed) in Y. Similarly, a subset U G Y is open (resp., 
closed) in y if and only if / _1 (J7) is open (resp., closed) in X. 
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Lemma 2.3. Let X be a Banach space and let Y C X be a finite co-dimensional closed 
subspace. If Z C X is a subspace with Y C Z then Z is also closed in X. 

Proof. If q : X — > X/Y denotes the quotient map then q(Z) is closed in X/Y because 
X/Y is finite dimensional. But since Y C Z we have that Z is g-saturated and thus Z is 
closed in X (see Remark l2l2l ). □ 

Lemma 2.4. Let X be a Banach space, Y\ C X be a closed subspace and Y% a X be a 
finite dimensional subspace. Then Y± + Y% is closed in X. 

Proof. If q : X —> XjY\ denotes the quotient map then q(Y<x) is closed in X/Y\ because 
it is finite dimensional. But then Y\ + Y2 = q^ 1 (q(Y2)) is also closed in X. □ 

Finally, let us prove the following: 

Lemma 2.5. Let X be a reflexive Banach space, B be a continuous symmetric bilinear 
form on X and S C X be a subspace. Iflm(B) +S° is closed in X* then the bi-orthogonal 
complement of S is given by: 

(5-Ls)-Lb = S + Ker(B). 

Proof. Clearly, S ±B = B^iS ) and: 

(S ±B ) ±B =B- 1 [(B- 1 (5 ))°]. 

Denote by q : X* — * X* /S° the quotient map (observe that an annihilator is always 
closed). Obviously B^ 1 (S°) = Ker(q o B). Since Im(i?) + 5° is q-saturated and closed 
in X*, we have that lm(q o B) is closed in X* / S° (recall Remark l2T2l i; then, we have: 

(B^iS )) = Kcr(qoB)° = Im(( g oB)*). 

Now, using the fact that (q o B)* = B* o q*, we obtain: 

Im((goB)*) = B(S). 

Finally: 

(S ±B ) ±B =B- 1 [(B- 1 {S°))°] =B- 1 (B(S)) =S + Kcr(B). □ 

3. On the index of essentially positive bilinear forms 

In this section we will discuss some functional analytical preliminaries needed for the 
index theorem. The central result is Theorem 13. 101 that gives a result concerning the com- 
putation of the index of symmetric bilinear forms, possibly degenerate, using restrictions 
to possibly degenerate subspaces. Throughout this section we will always identify contin- 
uous bilinear forms B : I x I ^ 1 on a normed space X with the continuous linear 
map B : X — > X* given by x 1— » B(x, •). 

Let (X, (•,■)) be a Hilbert space and let B : X x X — > R be a continuous bilinear form. 
We say that a continuous linear operator T : X — > X represents B with respect to (-, •} if: 

B(x,y) = (T(x),y), 

for all x, y £ X. Observe that if i : X — * X* denotes the isometry x 1— » (x, •} given by 
Riesz representation theorem, then T represents B if and only if i o T = B. In particular, 
Ker(T) = Ker(B). A continuous bilinear form JJ : I x X -> E on a Banach space 
X is called strongly nondegenerate if the linear map B : X — > X* is an isomorphism. 
Obviously if B is strongly nondegenerate then B is nondegenerate. The converse holds 
if we know that the linear map B : X — > X* is a Fredholm operator of index zero (for 
instance, a compact perturbation of an isomorphism). 

Let (X, (•,•)) be a Hilbert space. A continuous linear operator P : X — * X is called 
positive if the bilinear form (P-, ■} represented by P is symmetric and positive semi- 
definite. We recall the following standard result: 
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Lemma 3.1. Let (X, (•,•)) be a Hilbert space and let P : X — > X be a continuous linear 
operator. Then the bilinear form (P-, •} represented by P is an inner product on X that 
defines the same topology as (•, •} if and only if P is a positive isomorphism of X. □ 

One proves easily the following: 

Lemma 3.2. Let X be a Banach space, B be a continuous bilinear form on X and S C X 
be a closed subspace. If X = S © S B then B\sxS is nondegenerate. Conversely, if 
B\sxS ^ strongly nondegenerate then X — S © S ±B . □ 

Definition 3.3. Let (X, (•,•)) be a Hilbert space and let B be a continuous symmetric 
bilinear form on X. We say that B is essentially positive if the operator T : X — > X that 
represents B is of the form T = P + K, with P : X — > X a positive isomorphism and 
K : X ^ X a (symmetric) compact operator. 

The following summarizes the main properties of essentially positive bilinear forms. 

Lemma 3.4. Let X and Y be ( real) Hilbert spaces. The following results hold: 

(1) if B : X x X — > R is a continuous symmetric bilinear form then B is essentially 
positive if and only if there exists an inner product (•, -)i on X and a compact 
operator K : X — > X such that B — (•, -)i + (K-, •) and such that (■, ■} i defines 
the same topology on X as (•, •}. 

(2) If T : X — > Y is a continuous isomorphism and B : Y x Y — > R is an essentially 
positive symmetric bilinear form, then the pull-back T*B = B(T-,T-) : X x 
X — ► R is also essentially positive. 

(3) If B : X x X — > R is an essentially positive symmetric bilinear form, then B is 
also essentially positive with respect to any other inner product (•, -}i on X which 
defines the same topology as (•, •). 

(4) If B : X X X — » R is an essentially positive symmetric bilinear form, then for 
every closed subspace S C X, the restriction B\sxS is again essentially positive. 

(5) if B is an essentially positive symmetric bilinear form on X, q : X — > Y is 
a surjective continuous linear map with Ker(g) C Ker(B) and B is defined as 
in part (1 1 Ob in Lemma |2~71 then B is also (bilinear, symmetric, continuous and) 
essentially positive. 

(6) If B : X x X — > R is an essentially positive symmetric bilinear form, then there 
exists an inner product (•, -)i onX that defines the same topology as (•, •} and such 
that B is represented with respect to (■, -)i by an operator of the form identity plus 
compact. 

(7) If B : X x X — > R is an essentially positive symmetric bilinear form, then Ker(B) 
is finite dimensional and n_ (B) is finite. 

Proof. 

(1) It is a straightforward consequence of Lemma |3~T1 

(2) If B is represented by P + K with P : Y — > Y a positive isomorphism and 
K : Y -> F compact then the pull-back T*_B is represented by T*(P + if)T, 
where T* is identified with a linear map from Y to X, using Riesz representation 
theorem. Now it is easy to see that T*PT is a positive isomorphism of X and that 
T*KT is a compact operator on X. 

(3) Follows from item ©, setting T = Id : {X, (•, -» (X, (•, •}). 

(4) Write i? = (•, -}i + (if-, •), as in item 0. Denote by n : X — > 5 the orthogonal 
projection onto 5 and set K ' = it o K \ 5 . Then ( • , • ) 1 1 5 x 5 is an inner product on S 
that defines the same topology as ( • , • ) 1 5 x s an d B\s x s — (• , • ) 1 1 s xS is represented 
by if' : 5 — > 5, which is a compact operator. 

(5) Let S be the orthogonal complement of Ker(q) with respect to the Hilbert space 
inner product of X. Then q\s : S — » Y - is an isomorphism and B is the pull-back 
°f B\sxs by (<z|s) _1 - The conclusion follows from items (O and (0]). 
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(6) Take (•, -)i to be the inner product whose existence is given in item ((TJ. 

(7) By item ||6), we can choose the inner product on X such that B is represented by 
Id + K, with K compact. Then Kcr(B) = Ker(Id + K) is finite-dimensional, 
because Id + K is a Fredholm operator. If X\ C X denotes the A-eigenspace 
of Id + K then by the spectral theorem for compact self-adjoint operators on 
real Hilbert spaces, X is the closure of the algebraic ((•, •} -orthogonal) direct sum 
®\e<j(i&+K) where a(Id + K) C 1R denotes the spectrum of the operator 
Id + K; moreover, for A ^ 1, X\ is finite-dimensional. Set: 

X x , X+= Xy, 

A6ct(M+A') \ea(Id+K) 
A<0 A>0 

then it is easy to see that B is negative definite on AT_, positive semi-definite on 
X + and that X = X- ffi X + . Finally, from part © in Lemma |XT] n_(5) = 
dim(X-) < +oo, recalling that {A e cr(Id + K) : A < 0} is finite, because 
cr(Id + K) is bounded and has 1 as its only limit point. □ 

Remark 3.5. If a continuous symmetric bilinear form Bona Hilbert space X is essentially 
positive then B is nondegenerate if and only if B is strongly nondegenerate. Namely, B is 
represented by a Fredholm operator of index zero. 

Remark 3.6. If B is a continuous symmetric bilinear form on a Hilbert space X which is 
essentially positive and if S C X is a subspace then: 

(5-Lb)-Lb = s + Ker(B); 

namely, we only have to check the hypotheses of Lemma [23] Obviously X is reflexive, 
being a Hilbert space. Moreover, lm(B) is closed and finite co-dimensional in X* , because 
B is a Fredholm operator; thus, lm(B) + S° is closed in X*, by Lemma 1231 

Lemma 3.7. Let X be a Hilbert space and let B be a continuous symmetric bilinear form 
on X which is essentially positive. IfW C X is a closed subspace then W + W B is also 
closed in X. 

Proof. We can choose the inner product (•, •) on X such that B is represented by an oper- 
ator of the form T = Id + K, with K compact (see Lemma [3~4l item ©). If W' denotes 
the orthogonal complement of W with respect to (•, ■} then W ±B — T~ 1 (W'). We then 
have to show that W + T~ 1 (W I ) is closed in X. Since T is a Fredholm operator, its 
image is closed in X and so T : X — > Im(T) is a surjective continuous linear opera- 
tor between Banach spaces. We have Ker(T) C T^ 1 (W) C W + T _1 (VF'), so that 
W + T-t-iW) is T-saturated (see RemarkO; thus W + T~ 1 (W') is closed in X if and 
only if T[W + T~ 1 (W')] = T(W) + (W n Im(T)) is closed in Im(T). But: 

T{W) + (W' n Im(T)) = (T(W) + W) n Im(T), 

and therefore the proof will be completed once we show that T(W) + W is closed in X. 
We have: 

T(W) + W' = {x + y + K{x) :xeW, ye W'} = Im(Id + Kott), 

where it denotes the orthogonal projection (with respect to (■, •}) onto W. Since K o tt is 
compact, Id + K o n is a Fredholm operator and hence its image is closed in X. □ 

Lemma 3.8. Let X be a Hilbert space and let B be a nondegenerate continuous symmetric 
bilinear form on X which is essentially positive. If Z C X is an isotropic subspace then: 

(3.1) n_(B) = n_(B|^ xZ ± B )+dim(Z), 

all the terms on the equality above being finite natural numbers. 
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Proof. By in Lemma [33] n_(B) < +oo and thus dim(Z) < +oo, by part CH1> in 
Lemma |2~T1 This proves that all terms on the equality ( 13. U are finite natural numbers. 
Since Z is isotropic, we have Z C Z 1 - 13 and thus we can find a closed subspace U C Z ±B 
with Z ±B = Z © U (for instance, take U to be the orthogonal complement of Z in Z ±B 
with respect to any Hilbert space inner product). By Lemma lZTl we have: 

Kex{B\ z ^ xZ ^) = Z ±B n (Z ±B ) ±B . 

Now Remark l3~6l implies that (Z ±B ) ±B = Z. We have thus proven that: 

Ker(B\ z ± BxZ _L B ) = Z, 

and from part (O in Lemma [XT] we obtain that B\u x u is nondegenerate. By item (@]i of 
Lemma l3~4l and by Remark 1331 we obtain that B\uxu is actually strongly nondegenerate; 
thus, by Lemma l3~2l 

X = U®U JLb . 
From part d8} in Lemma IXT1 we then obtain: 

n_(S) = n-(B\ UxU ) +n-(B\ u ± BxU ± B ); 

again using part (O in Lemma IXT1 the £?-orthogonal decomposition Z ±B = Z © U and 
the fact that Z is isotropic implies that: 

n-(B\uxu) = n -{B\ z x BxZ x B ). 
To complete the proof, it suffices to show that: 

n-(B\u± B xu x b) =dim(Z). 

First, we claim that dim([/ ±B ) = 2 dim(Z). Namely, since X = U (B U ±B , the dimension 
of U ±B equals the co-dimension of U in X. We have: 

U CZ ±B C X; 

since Z ±B = Z © U, the co-dimension of U in Z ±B equals the dimension of Z. Since 
B : X — * X* is an isomorphism (see Remark |33I > and Z ±B = B^ 1 (Z°), B induces an 
isomorphism: 

X/Z ±B -^-> X*/Z°; 

moreover, X* /Z° = Z* = Z. Thus the co-dimension of Z^ B in X is equal to the 
dimension of Z, which proves that dim([/ ±B ) = 2 dim(Z). To complete the proof of the 
lemma, observe that B is nondegenerate on U ±B by part ([JJ in Lemma |2~T1 and thus, by 
part dTTT > in Lemma |2~T1 

n+(B\ v ± B xU ± B ) +n-(B\ u ± BxU ± B ) = dim([/ 1 - B ) = 2dim(Z), 

and by part (IT4b in Lemma l2~T] 

^+{B\u^bxu x b) > dim(Z), n_ (B \ v x. B x v x. B ) > dim(Z). 

This proves that both n + {B\ u ± B xU ± B ) and n_(S| £/ j. B x j/i B ) are equal to dim(Z). □ 

Lemma 3.9. Let X be a Hilbert space and let B be a nondegenerate continuous symmetric 
bilinear form on X which is essentially positive. If W C X is a closed subspace then: 

n_(B) =n_{B\ WxW )+ n_{B\ w ± B xW ± B ) + dim(W n W ±B ), 

all the terms on the equality above being finite natural numbers. 

Proof. Obviously Z = W D W B is an isotropic subspace, and we can apply Lemma [3~8l 
to obtain: 

n_ (B) = n_ (B\ z x B xZ ± B ) + dim(W nW ±B ). 
The conclusion will follow from part (fT2l) in Lemma 12.11 once we show that Z ±B = 
W + W ±B . Using Lemma l2~T1 and Remark [3~6l we compute: 

(W + w ±B ) ±B = w ±B n {w ±B ) ±B = w ±B n w = z. 
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Now using Lemma [3T7l and Remark [331 we obtain: 

Z ±B = [(W + W ±B ) ±B ] ±B =W + W ±B . □ 

Finally, the central result we aimed at: 

Theorem 3.10. Let X be a Hilbert space and let B be a continuous symmetric essentially 
positive bilinear form on X. If W C X is a closed subspace and S denotes the B- 
orthogonal space to W, then: 

n_(B) =n^(B\ WxW ) +n_(B| SxS ) + dim(W D S) - dim(W n Ker(B)) , 

all the terms on the equality above being finite natural numbers. 

Proof. Set N = Ker(B), Y = X/N and denote by q : X — > Y the quotient map. 
Define B as in part ( TTOb in Lemma |2~T1 then B is a nondegenerate continuous symmetric 
bilinear form on Y and B is essentially positive, by item (0 in Lemma [3~4l We will apply 
Lemma [3T9l to B and to the subspace q(W) of Y; we first check that q(W) is closed in Y. 
By Remark [2721 it suffices to observe that g _1 (q(W)^ — W + N is closed in X and this 
follows from Lemma l2~4l (recall that dim(iV) < +oo, by item (jT) in Lemma [3T4l . Now: 

n — (-^) = n - (B\q(W)xq(W) ) + n — {^\q{W) ± B xq(W) ± B 

) + &im(q{W) Dq(W) ±B ). 

It is straightforward to verify that: 

q(W) ±B = q(W ±B ). 

Now using part ( fTol > in Lemma |2~TI and considering the surjective linear maps q, q\w '■ 
W q(W) and q\ w ± B : W ±B -» g(M^) ±B , we obtain: 

n_(S) = n_(B), 

n -(B\q(W)xq(W)) = V--{B\wxw), 
n -(-S|g(W) J -BXg(W) J -B) = n -(^llV i i3 xlV^B )■ 

To complete the proof, we have to show that: 

dim(q(W)r\q{W ±B )) = dim(V^ n W ±B ) -dim(WDJV). 
Keeping in mind that N C VF ±B , we compute: 

q~ l {q{W) Dq{W ±B )) = {W + N)DW ±B = (W DW ±B ) + N, 
sothatg(VF) C\q{W ±B ) = q{{W f]W ±B ) + N) = [(W D W ±B ) + N] /N. Then: 

dim(q(W) n q(W ±B )) = dim[(VK n W ±B ) + N] - dim(JV) 

= dim(W^ n W~^ B ) - dim(W n iV). 
This concludes the proof. □ 

4. On the Maslov index and iteration formulas 

In this section we will prove an iteration formula for the Maslov index of a periodic 
solution of a Hamiltonian system, using a similar formula proved in [19] for the Conley- 
Zehnder index, and a formula relating the two indices via the Hormander index. The reader 
should note that in the literature there are several definitions Maslov index for a continuous 
Lagrangian path; these definitions differ by a boundary term when the path has endpoints in 
the Maslov cycle. In Robbin and Salamon |42l . the Maslov index is a half integer, obtained 
as half of the variation of the signature function of certain bilinear forms, whereas in our 
case we replace half of the signature with the extended coindex (i.e., index plus nullity), 
see formula ( 14. U . Obviously, the two definitions are totally equivalent; however, the reader 
should observe that, using our definition, the Maslov index takes integer values, but it fails 
to have the property that, when one changes the sign of the symplectic form the absolute 
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value of the Maslov index remains constant. The reader should also be aware of the fact 
that the definition of Maslov index for a semi-Riemannian geodesic adopted here differs 
slightly from previous definitions, originated from Heifer (30'|, in that here we also consider 
the contribution given by the initial endpoint, which is always conjugate. The results in this 
section (more specifically, in Subsection 14.41 ) are valid in any semi-Riemannian manifold 
(M,g). 

4. 1 . Maslov and Conley-Zehnder index. Let us recall a few definitions from the theory 
of Maslov index. Let V be a finite dimensional real vector space endowed with a sym- 
plectic form u, and let Sp(V, w) denote the symplectic group of (V, w); set dim(V) = In. 
Denote by A = A(V, to) the Grassmannian of all n-dimensional subspaces of V, which is 
a hn{n + l)-dimensional real-analytic compact manifold. For Lq G A, one has a smooth 
fibration (3l ■ Sp(V, w) — » A defined by: 

/3 io (*) = $[£<>]. 

Let Lq, Li G A be transverse Lagrangians; any other Lagrangian L which is transverse 
to L\ is the graph of a unique linear map T : Lq — > L\\ we will denote by (fL x 1 (L) is 
defined to be the restriction of the bilinear map ui(T-, •) to Lq x Lq, which is a symmetric 
bilinear form on Lq. For L G A, we will denote by Ao (L) the set of all lagrangians L' G A 
that are transverse to L; this is a dense open subset of A. 

Denote by 7r(A) the fundamental groupoid of A, endowed with the partial operation of 
concatenation o. For all Lq G A, there exists a unique Z-valued groupoid homomorphism 
fiL on tt(A) such that: 
(4.1) 

M£ D ([7]) =n + (^ , il (7(l)))+dim(7(l)n J Lo)-n + (^ 0> L 1 (7(0)))-dim( 7 (0)n£o) 

for all continuous curve 7 : [0, 1] — > Ao(Li) and for all L\ G K.q(Lq). The map hl : 
7r(A) — » Z is called the Lq-MosIov index. 

Given four Lagrangians Lq, Li, L' , L[ G A and any continuous curve 7 : [a, b] — > A 
such that 7(a) = Lq and 7(6) = Z^, then the value of the quantity q(Lo, Li;L' Q , L^) = 
P" Li (7) ~ Mio (7) c ' oes nof depend on the choice of 7, and it is called the Hormander index 
of the quadruple {Lq, Li;L' , L[). Consider the direct sum V 2 = V © V, endowed with 
the symplectic form lo 2 = lo © (— 10), defined by: 

0J 2 ((vi,V 2 ),(w 1 ,W 2 )) =LJ(V!,V 2 ) -U>(lV 1 ,W 2 ), Vi,V 2 ,Wi,W 2 G V, 

and let A C V 2 denote the diagonal subspace. If $ G Sp(V,cj), then the graph of $, 
denoted by Gr($), is given by (Id © $)[A] G A(V 2 ,lo 2 ); in particular A = Gr(Id) 
and A° = {(i>, —v) : v G V"} = Gr(— Id) are Lagrangian subspaces of V 2 . Given a 
continuous curve $ in Sp(V, u>), the Conley-Zehnder index icz(^) 0/$ is the A-Maslov 
index of the curve t h-> Gr($(t)) G A(y 2 , uj 2 ): 

icz($) :=Ai A (<^Gr(*(i))). 
We have the following relation between the Maslov index and the Hormander index: 

Lemma 4.1. Let $ : [a, b] — > Sp(V,w) fee a continuous curve and let Lq,L\,L\ G 
A(V r , lo) be fixed. Then: 

VL (f3 Ll o $) - /i io (/3 Li o $) = q(Lx,4; ^(a)- 1 ^), *(6)- x (L )). 

Proof. Using the Maslov index for pairs and the symplectic invariance, we compute as 
follows: 

PL {f3 Ll o^) =ii(0 LlO $,Lo) =^(L 1 ,t^^(t)- 1 (L )) =-n Ll (t^<S>(ty\LQ)). 
Similarly, 

The conclusion follows easily from the definition of q. □ 
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The following relation between the notions of Maslov, Conley-Zehnder and Hormander 
index holds: 

Proposition 4.2. Let $ : [a, b] — > Sp(V, u>) be a continuous curve and Lq,£q G A(V, ui) 
be fixed. Then: 

icz($) + ML (Pt ° *) = q(A, Lo ® 4; Gr($(a)- 1 ), Gr($(6)- 1 )). 
/n particular, if<& is a loop, then \cz{*&) — ~^L a {0l o 
Proof. We compute: 

icz($) =ma(*>-> (Id©*(t))(A)) 
and, using the properties of the Maslov index for pairs of curves, 

A*L„(/%o ° $ ) = ~/*a(* ^ A) © & ° $(*)) = ~A*a(* >-» (W © *(*))(^o © 4)). 
The result follows now easily applying Lemma |4~T1 to the curve t i— > Id © $(t) in the 
symplectic group Sp(V 2 , uj 2 ) and to the Lagrangians A. Lq © £q G A(V 2 , cj 2 ). □ 

4.2. Periodic solutions of Hamiltonian systems. The notion of Conley-Zehnder index is 
used in the theory of periodic solutions for Hamiltonian systems. Let us recall a few basic 
facts; let (Ai, w) be a 2n-dimensional symplectic manifold, and let H : Ai xE-*Rbe 
a (possibly time-dependent) smooth Hamiltonian. Assume that H is T-periodic in time, 
and that z : [0, T] —> M is a solution of H (i.e., i = H(z) such that z(0) = z(T), where 
H is the time-dependent Hamiltonian vector field, defined by w(H, ■) — dH). Then, the 
iterates z^ N ' of z, defined as the concatenation: 

z {N) = ZQ- - -QZ : [0, NT] — ► M 

TV-times 

are also solutions of H. Assume that the following objects are given: 

• a periodic symplectic trivialization of the tangent bundle of Ai along z (i.e., of 
the pull-back z*T Ai), which consists of a smooth family = {ipt}te[o,T] of 
symplectomorphisms ip t ■ T z m\Ai — > T z u\M with -0o = 4>t = Id; 

• a Lagrangian subspace Lq C T z (q) Ai. 

By a simple orientability argument, periodic symplectic trivializations along periodic solu- 
tions always exist. By the periodicity assumption, we have a smooth extension R3(m ip t 
by setting ip t +NT = ipt f° r all t G [0, T]. Denote by T" t , : M — > Ai the flow of /?0i.e., 
J-^ t ,(p) — j(t'), where 7 is the unique integral curve of the time-dependent vector field 
H on Ai satisfying j(t) = p. It is well known that for all t, if, the T^ t , is a symplecto- 
morphism between open subsets of Ai. Left composition with tp^ 1 gives a smooth map 
R 3 t 1— » &(t) = ip^ o ^^(^(O)) of linear symplectomorphisms of T z ^Ai; clearly 
X(t) = (t)^ (t) -1 lies in the Lie algebra sp(T 2 (o)A4, zu z (p)) of the symplectic group 
Sp(T z(0 )7W,n7 z (o)). 

The linearized Hamilton equation along z is the linear system 

(4.2) v'(t) = X{t)v{t), 

in T z rff)Ai; the fundamental solution of this linear system is a smooth symplectic path 
$ : R — > Sp(T 2(0) A4, zj z ( )) that satisfies $(0) = Id and $' = A$. 

Definition 4.3. The Conley-Zehnder index of the solution z = z^' associated to the 
symplectic trivialization denoted by icz(z, '&), is the Conley-Zehnder of the path in 
Sp(T z ( )A / i, ro z (o)) obtained by restriction of the fundamental solution $ to the interval 
[0, T], Similarly, the Lq-MosIov index of the solution z associated to the symplectic trivial- 
ization denoted by /Ul (z, is the L -Maslov index of the path in Sp(T 2 ( ) .M, w 2 (o)) 
given by [0,T] 3 t » *(t)[i ] G A(T 2(0) A4, tu 2(0) ). 



'For our purposes, we will not be interested in questions of global existence of the flow T' 
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Remark 4.4. We observe here that both the notions of Conley-Zehnder index and of 
Maslov index for a periodic solution z of a Hamiltonian system depend on the choice 
of a symplectic trivialization. More precisely, given two periodic symplectic trivializa- 
tions * = {ipt} t , $ = {i>t}t and setting G t = V't" 1 ° i>t & Sp{T z{0) M,w zW ), the 
corresponding paths $ and $ in Sp(T z ( )7W, ro 2 (o)) are related by: 

= G t o $(t), Vie[0,T]. 

Clearly, [0,T] 3 i i— > Gt is a closed path in Sp(T z ( ) A4, ro z (o)j with endpoint in the 
identity; in this situation, one proves easiljQ that icz(z,^) = icz(G) + icz(z, , I / ). In 
particular, if the loop G is homotopically trivial, then icz{z, 1 iE r ) — icz{z, Similarly, if 
G*[Lo] = Lq for all t, and if G is homotopically trivial, then [J,l {z, ^) — Hl {z, 

This observation will be used in a situation described in the following Lemma: 

Lemma 4.5. Let V be a finite dimensional vector space and set V = V © V*; V is a 
symplectic space, endowed with its canonical symplectic form u)((v, a), (w, /?)) = /3(v) — 
a(w), v, w £ V, a, [3 £ V*. Given any 7/ G GL(V), f/ien f/ie linear map 

w a symplectomorphism of (V, lo). If[a,b] 3 t i— > Gt £ Sp( V, w) U a continuous map of 
symplectomorphisms of this type with G a = Gb — Id, then G is homotopically trivial in 
Sp(V,w). 

Proof. The first statement is immediate. In order to prove that G is homotopically trivial, 
it is not restrictive to assume V = R"; identifying R™* with R™ via the Euclidean inner 
product, we will consider the canonical complex structure on V = R 2n . The thesis is 
obtained if we prove that, denoting by Gt = u t pt the polar decomposition of Gt, with 
u t unitary and p t positive definite, then t h-> ut is homotopically trivial in U(n). This is 
equivalent to the fact that the closed in loop t ^ det(itt) G S 1 is homotopically trivial in 
$ . If rjt — otqt is the polar decomposition of i] t , with ot G O(n) and q t positive definite, 

then the unitary Ut is given by ( °* g U(n), which has constant determinant equal 

to 1. The conclusion follows easily, recalling that the determinant map dct : U(n) — > S 1 
induces an isomorphism between the fundamental groups. □ 

4.3. An iteration formula for the Maslov index. Let us recall the following iteration 
formula for the Conley-Zehnder index, proved in |[T9l : 



Proposition 4.6. In the notations of Subsection \4. 2\ the following inequality holds: 

(4.3) |i cz (z (Ar) ,*) -JV.icz(«,*)| <n(2V-l). 

In particular, |icz (z'^, l I / ) | has sublinear growth in N . Moreover, if |icz(z, ^) | > ra » 
f/ze« icz(^'> ^) fo** superlinear growth in N. 

Proof. See [19 Corollary 4.4]. Observe that we are using here a slightly different def- 
inition of Conley-Zehnder index, and the inequality (14.3b differs by a factor 2 from the 
corresponding inequality in |[T9l Corollary 4.4]. □ 

Let us prove that a similar iteration formula holds for the Maslov index: 

Corollary 4.7. The following inequality holds: 

Li Lo (zW, ¥) - JV • mlo (2, * ) < n(7iV + 5). 



^For instance, using the product formula in 1 19 Lemma 3.3]. 
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In particular, \jJbL ; ^) \ nas sublinear growth in N; moreover, if (J-l ( 2 j ^) > 7n, 
then (j>l (z( N \ ^P) has superlinear growth in N. 

Proof. The inequality is obtained easily from (14.3b . using Proposition l4.2l 



-N-fji Lo (z^) < icz(^ w ,*) -N-icz(z,V) 

+ |q(A, L 8 i ; A, Gr($(JVT))) - JV • q(A, L L ; A, Gr(*(T))) | 

< n(7V - 1) + 6n(N+ 1) = n(7iV + 5). □ 

4.4. Maslov index of a geodesic and of the corresponding Hamiltonian solution. Let 

us now define the notion of Maslov index for a closed geodesic 7 in a semi-Riemannian 
manifold (M, g); we will show that when 7 is orientation preserving, then its Maslov index 
coincides with the Maslov index of the corresponding periodic solution of the geodesic 
Hamiltonian in the cotangent bundle TM*. 

Let us recall the notion of Maslov index for a fixed endpoint geodesic. If 7 : [0, 1] — ► M 
is any geodesic, consider a continuous trivialization of TM along 7, i.e., a continuous 
family of isomorphisms ht ■ T 7 ( )M — > T„r t \M, t G [0, 1]. Consider the symplectic 
space V — T 7 ( )M © T 7 ( )M* endowed with its canonical symplectic structure (recall 
Lemma |431 ). the Lagrangian subspace Lq = {0} © T^msM*, and the continuous curve of 
Lagrangians £(t) G A( V, lj) given by: 

£(t) = |(/i- 1 [J(t)],/i*[5(^J(t))]) : J Jacobi field along 7, with J(0) =o|. 

In the above formula, the metric tensor g is seen as a map g : T^mM — > T 7 ( t )M*. The 
Maslov index of 7, denoted by iivr(7) is defined as the Lo-Maslov index of the continuous 
path [0, 1]3*h £(t)fl This quantity does not depend on the choice of the trivialization 
of TM along 7. Let us now consider the case of a closed geodesic, in which case one may 
study the existence of periodic trivializations of TM along 7. 

Recall that a closed curve 7 : [a, b] — ► M is said to be orientation preserving if for 
some (and hence for any) continuous trivialization h t : T 7 ( a )M — » T^mM, t £ [a, 6], of 
TM along 7, the isomorphism /i^ 1 o /i a : T 7 ( a )M — * T 7 ( a )M is orientation preserving. It 
is easy to prove that if 7 is orientation preserving then there exists a smooth trivialization 
h t : T l(a) M -> T l(t) M, t G [a, 6], of TM along 7 with fr^ 1 o /i the identity of T 7(a) M. 

Assume that 7 : [0, 1] — » M is a closed geodesic in M, which is orientation preserving. 
Let r : [0, 1] — > TM* be the corresponding periodic solution of the geodesic Hamiltonian: 

H{q,p) = g~ 1 {p,p). 

Given a smooth periodic trivialization of TM along 7, h t : T^r^M — » T^^M, t e [0, 1], 
/io = /ii, then one can define a smooth periodic symplectic trivialization of the tangent 
bundle T(TM*) along T as follows. Denote by ir : TM* — > M the canonical projection; 
for p e TM*, denote by Ver p = Ker(d7r p ) the vertical subspace of T p (TM*) and by 
Hor p the horizontal subspace of T p (TM*) relatively to the Levi-Civita connection V. 
One has a canonical identification Ver p = T p (T x M*) = (T X M)*, while the restriction of 
the differential d7r p to Hor p gives an identification Hor p = T X M, where x — n(p). Since 
V is torsion free, with these identifications, the canonical symplectic form w of TM* at 
p G TM* becomes the canonical symplectic form of T X M © (T X M)*; moreover, for all 



5 A different convention was originally adopted by Heifer 1301 in the definition of Maslov index of a semi- 
Riemannian geodesic. In Heifer's original definition, given a geodesic 7 : [0, 1] — + M with non conjugate end- 
points, im(7) was given by the Lo-Maslov index of the continuous path [e, 1] 3 1 1— » £(t), where e > is small 
enough so that there are no conjugate instants in ]0, e]. This convention was motivated by the necessity of avoiding 
dealing with curves in the Lagrangian Grassmannian with endpoints in the Maslov cycle. An immediate calcula- 
tion using 14. U . shows that, if g is Lorentzian, the following simple relation holds: tM (7I = *m(t) + !• 
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t E [0, 1] we define an isomorphism: 

iH : T m (TM*) = Hor r(0) © Ver r( o) = T j{0) M © (T 7(0) M)* 

— > T 7(t) M © (T 7(t) Af )* S Hor r(t) © Ver r(t) = T r{t) (TM*) 

by setting: 

for all v E T 7 ( )M and a E (T 7 (o)M)*. This is obviously a symplectomorphism for all t, 
hence we obtain a smooth periodic symplectic trivialization ^ = {ipt}te[o.i] of T(TM*) 
along r. It is immediate to observe that the Maslov index \m(i) of the geodesic 7 coincides 
with the Lo -Maslov index /j,l (T, of the solution T associated to the symplectic trivial- 
ization where L is the Lagrangian subspace {0} © (T 7 ( )M )* of T 7 ( )M © (T 7(0 )M)*. 

Lemma 4.8. Lef 7 be an orientation preserving closed geodesic in (M, g), and let T 
be the corresponding periodic solution of the geodesic Hamiltonian in TM*. The Lq- 
Maslov index fj,L (T, 4"), where ^ is the smooth periodic trivialization ofT(TM*) along T 
constructed from a smooth periodic trivialization {/it}te[o,l] ofTM along 7, as described 
above, does not depend on the choice of {ht}t£[o } iy 



Proof. This is an immediate consequence of Lemma 1431 observing that two distinct trivi- 
alizations {h t } and {h t } of TM along 7, with r\t = h t oh t E GL(T 7 (o))M, yield periodic 
symplectic trivializations {ipt} an d {ipt} of T(TM*) along V that differ by a loop {Gt} in 
GL(T r(0) ) of the form: 

By Lemma l431 this loop is contractible in Sp(Tr(o)(TM*), O7r(o))i an d clearly Gt[Lo] = 
Lq for all t, which concludes the proof. □ 



Using the construction above and Corollary 14. 7l we obtain immediately: 

Corollary 4.9. Let 7 be an orientation preserving closed geodesic in (M, <?). Then, denot- 
ing by 7W the N-th iterated ofj, N > 1, the following inequality holds: 

iM(7 (W) ) - N-i M (-y) < dim(M)(7iV + 5). 

/« particular, |iM(7^)| has subline ar growth in N; moreover, if 1^(7) > 7dim(M), 
then \m (7^-*) has superlinear growth in N. □ 

5. The variational setup 

Let (M, g) be a stationary Lorentzian manifold, and let y E X(M) be a timelike Killing 
vector field in M. Consider the auxiliary Riemannian metric <?r on M, defined by 

(5-1) 9r(v,w) =g{v,w) -2 — — ; 

g{y, y) 

observe that y is Killing also relatively to g^ . Let S 1 be the unit circle, viewed as the 
quotient [0, l]/{0, 1}, and denote by AM = ^(S 1 , M) the infinite dimensional Hilbert 
manifold of all loops 7 : [0, 1] -> M, i.e., 7(0) =7(1), of Sobolev class H 1 ; if A°M is 
the set of continuous loops in M endowed with the compact-open topology, the inclusion 
AM '—* A°M is a homotopy equivalence (this can be proved, for instance, using the results 
in ED). Set: 

N = 1 7 E AM : 3(7, y) = c 7 (constant) a.e. on S 1 ^ 
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For all 7 £ AM, the tangent space T 7 AM is identified with the space of all sections of 
the pull-back 7* (TM) (i.e., periodic vector fields along 7) of Sobolev class H 1 ; this space 
will be endowed with the Hilbert space inner product: 



(5.2) 



(V, W) = / \g R (V, W) + gn(^V, ^W) 



elf. 



where ^ denotes the covariant differentiation along 7 relatively to the Levi-Civita con- 
nection of the metric c/r. 

Recall the definition of the classical geodesic energy functional on AM: 



Sin) 



5(7, 7) di. 



5.1. The constrained variational problem. It is well known that the critical points of 
/ in AM are exactly the closed geodesies in M; it is also clear that the set TV contains 
the closed geodesies in M. It is proven that the equality 3(7, y) = c 7 provides a natural 
constraint for the critical points of the geodesic action functional in a stationary Lorentzian 
manifold; more precisely: 

Proposition 5.1. The following statements hold: 

(1) TV" is a smooth embedded closed submanifold of KM, and for 7 £ TV, the tangent 
space T 7 TV is given by the space of sections V of the pull-back 7* (TM) of Sobolev 
class H , satisfying: 

(5.3) g(f t V, y) - g(V, £y) = C v (constant) a.e. on [0, 1]; 

(2) ify is complete, then TV is a strong deformation retract of KM (hence it is homo- 
topy equivalent to KM); 

(3) a curve 7 £ TV is a critical point of the restriction of f to TV if and only ifj is a 
critical point of f in KM, i.e., if and only ifj is a closed geodesic in (M, g); 

(4) if"/ is a critical point of f, then the Hessian H/'-^ of the restriction f\j\f at 7 is 
given by the restriction of the index form: 

I 1 (V,W)= [ ff(&V,&WO+ 5 (JW7,V07,WOdi 
Jo 

to the tangent space T~ f Af; 

(5) if j is a critical point of f, then the index form / 7 is essentially positive on T 7 TV, 
and in particular the Morse index of f\j^ at 7 is finite. 

Proof. See flU El [36] [39). □ 



It is clear that / does not satisfy the Palais-Smale condition in TV; namely, all its critical 
orbits are non compact. 

Given a closed geodesic 7 in (M, g), let us denote by /i(7) the Morse index of f\j^ at 7, 
i.e., the index of the restriction of I 1 to T 7 TV. This index will be computed explicitly using 
the Morse index theorem (Theorem l6.4l ) in Section [6] Moreover, let us denote by £to(7) 
the extended index if f\j^ at 7, which is the sum of the index ^(7) and the nullity 11(7): 

11(7) = dim[Kex(l 7 |T 7 ATxT 7 A/')]- 

We will establish in Lemma |6~T1 that 11(7) equals the dimension of the space of periodic 
Jacobi fields along 7. 
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5.2. The Palais-Smale condition. Let us now assume that (M, 5) is a globally hyperbolic 
stationary Lorentzian manifold, that admits a complete timelike Killing vector field y. Let 
us recall that, in this situation, (M, g) is a standard stationary manifold (see for instance 1 9 , 
Theorem 2.3]), i.e., denoting by S a smooth Cauchy surface of M, then M is diffeomorphic 
to a product S x R, and the Killing field y is the vector field <9 t which is tangent to 
the fibers {x} x 1R. One should observe that such product decomposition of M is not 
canonical; however, all Cauchy surfaces of M are homeomorphic. In particular, M is 
simply connected if and only if S is, and the inclusion of the free loop space AS AM 
is a homotopy equivalence. 

The projection onto the second factor S x R — > R, that will be denoted by T, is a 
smooth time function, that satisfies: 

(5.4) y{T)=g(VT,y)=l 

on M. If L denotes the Lie derivative, from ( 15.41 ) it follows that Ly(dT) vanishes identi- 
cally. For, given an arbitrary smooth vector field X on M: 

L y (dT)(x) = y(x(T)) - dt([y, x}) = y(x(T)) - y(x(T)) + x(y(T)) = o. 

Since y is Killing, then hy(g) = 0, and (t5~4l > implies that the Lie bracket [y, VT] = 
Ly (g -1 dT) also vanishes identically. It follows that the quantity <?(VT, VT) is constant 
along the flow lines of y: 

yg{VT, VT) = 2.g(VyVT, VT) = 2g([y, VT] - VvtJ 7 , VT) = 0. 

Lemma 5.2. The restriction of the functional f to Af is bounded from below; more pre- 
cisely, /(7) > Ofor all 7 E TV, and f(j) — only 1/7 is a constant curve. 

Proof. Let 7 £ Afbe fixed, and denote by c 7 the value of the constant 5(7, y). For almost 
all t £ [0, 1], the vector 7 — 5(7, VT) 3^ is (null or) spacelike, namely, using ( 15.41 ). one 
checks immediately that it is orthogonal to the timelike vector VT. Hence: 
(5.5) 

< 5(7-5(7, VT) y, 7-5(7, VT) y) = 5(7, 7) -2 c 7 5(7, VT) +5(7, VT) 2 .g(y, y), 
and thus: 

5(7, 7) > 2 c 7 5(7, VT) - 5(7, VT) 2 g(y, y). 
Integrating on [0, 1], and observing that since 7 is closed 5(7, VT) dt = 0, we get: 

(5.6) 2 /( 7 ) > - f 5(7, VT) 2 5 (y, y) di > 0. 

Jo 

Equality in ( 15.5b holds only if 7 — 5(7, VT) y = 0, while, in the last inequality of ( 15.6b . 
the equal sign holds only if 5(7, VT) = almost everywhere on [0, 1]. Hence, f(j) — 
only if 7 = almost everywhere. □ 

We will assume in the sequel that the Cauchy surface S is compact; recall that any two 
Cauchy surfaces of a globally hyperbolic spacetime are homeomorphic. 

Lemma 5.3. The metric <?r is complete, and thus AM and M are complete Hilbert mani- 
folds when endowed with the Riemannian structure (15.21 ). 

Proof. We will give an argument showing that, more generally, if a Riemannian manifold 
admits a group of isometries all of whose orbits meet a given compact subset, then the 
metric is complete. Denote by do the distance function induced by the Riemannian metric 
5r . It suffices to show that there exists r > such that, for every p 6 M, the closed do-ball 
B[p; r] centered at p and of radius r is compact. Clearly, for every single p there exists 
r(p) > such that B[p, r(p)] is compact; we will call such r(p) a radius of compactness 
at The map M 9 p 1— > r(p) = sup{r > : r is a radius of compactness at G 

''One can use, alternatively, the function r'(p) = sup{r > : B[0; r] C Dom(exp p )}, where B[0; r] is 
the closed ball centered at and of radius r in T P M. Clearly, r' > r 



2(1 



L. BILIOTTI, F. MERCURI, AND P. PICCIONE 



]0, +00] is lower semi-continuous. Hence, given a compact Cauchy surface S of M, r has 
a positive (possibly infinite) minimum on S, and so there exists r > which is a radius of 
compactness at all p 6 S. Since the flow of y preserves <?r, a radius of compactness at 
some p G S is a radius of compactness at each point of the flow line of 3^ through p. The 
conclusion follows easily from the fact that every flow line of y has non empty intersection 
with S. □ 

The flow of the Killing vector field y gives an isometric action of 1R in AM, defined 
by E, x AM 3 (t, 7) b ^07 S AM. This action preserves TV", and the functional 
/ is invariant by this action; the orbit of a critical point of / consists of a collection of 
critical points of / with the same Morse index. Such action is obviously free, and the 
quotient Af = Af/M. has the structure of a smooth manifold such that the product JV x R 
is diffeomorphic to Af. For 7 e Af, we will denote by [7] its class in the quotient Af; the 
tangent space T[ 7 ]TV can be identified with: 

(5.7) T[ 7 ]AT = T 1 Af/E 1 , 

where T 7 is the 1-dimensional space of vector fields spanned by the restriction of y to 7. 
If S is a Cauchy surface in M, then TV can also be identified with the set: 

(5.8) Af = {7 GTV: 7(0) e S}; 
using this identification, for 7 6 TV is given by: 

(5.9) T^Af = {V G T 7 TV : V(0) 6 T 7(0) S}. 

Obviously, the quotient TV inherits an isometric action of 0(2); it should be observed that, 
if one uses the identification (15.8l l. then the action of an element in 0(2) is not simply a 
rotation in the parameter space, but a rotation followed by a translation along the flow of 

y. 

The function / defines by quotient a smooth function on Af, that will still be denoted by 
/, and for which the statement of Proposition 15 . 1 1 holds verbatim. In addition, / satisfies 
the PS condition on Af. 

Proposition 5.4. TV is a complete Hilbert manifold, which is homotopically equivalent to 
Af and to AM. The critical points of the functional f in Af correspond to orbits 

[7] = {Ft o 7}t6K. 

where 7 is a closed geodesic in M; the Morse index of each critical point [7] of f equals 
the Morse index of 7, while the nullity of [7] equals 11(7) — 1. Moreover, f satisfies the 
Palais-Smale condition in Af. 

Proof. Most part of the statement is a direct consequence of the construction of Af. The 
statement on the Morse index and the nullity of a critical point [7] is obtained easily, ob- 
serving that the 1-dimensional space E 1 in formula (15.7b is contained in the kernel of the 
index form 1 1 (see Lemma ExTl below). The Palais-Smale condition is essentially the same 
as in ll35l Lemma 3.2]; we will sketch here a more intrinsic proof along the lines of fl9l [T7l . 
Using [17, Section 5] and the compactness of S, for the PS condition it suffices to show 
that / is pseudo-coercive on Af, i.e., that given a sequence (7 n )new in TV such that f(j n ) 
is bounded, then 7„ admits a uniformly convergent subsequence. Using the identification 
(15.8b . let (7„) n g]N be a sequence in TV such that f("f n ) < c for all n; we claim that the 
real sequence c ln — g(7,3 /l ) is bounded. Namely, the vector field j n — c lri VT along j n is 
a.e. spacelike or null for all n, because it is a.e. orthogonal to the timelike vector field y. 
Hence, 

1 r i 

g(j n - c ln VT, 7 „ - c 7 „ VT) dt = 2/( 7n ) + / g(VT, VT) df > 0, 

Jo 
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that gives: 



4, < 2 /(7. 



£ -g(VT,VT)dt\ 



Observe that the functions g(y, y) and <?(VT, VT) admit minimum and maximum in M, 
because they are constant along the flow lines of y, and because S is compact. The claim 
on the boundedness of c ln follows. From this, it follows that the sequence: 

1 ,i 

<? R (7n, in) dt = 2/( 7n ) - 2c4 / g (y, yy 1 dt 

Jo 

is bounded. Since g^i is complete and S is compact, the theorem of Arzela-Ascoli implies 
that, up to subsequences, 7„ is uniformly convergent in M. This concludes the proof. □ 

From Lemma l5~2l and Proposition ^ .41 one obtains the existence of one non trivial closed 
geodesic in M, as proved in [35 1. Namely, using the theory of Ljusternik and Schnirelman, 
one shows the existence of a sequence (bv]) r>1 of critical points of f\jj with f(j r ) — > oo. 
Thus, these critical points are not constant curves; observe however that the Ljusternik- 
Schnirelman theory does not give information on whether such curves are geometrically 
distinct. In the non simply connected case, the following result follows immediately: 

Corollary 5.5. Let (Af, g) be a Lorentzian manifold that admits a complete timelike Killing 
vector field and a compact Cauchy surface. Then, there is a closed geodesic in each free 
homotopy class of M . □ 

Remark 5.6. The orthogonal group 0(2) acts isometrically on AM via the operation of 
0(2) on the parameter circle S . It is easy to observe that the stabilizer of each 7 £ AM 
with respect to this action is a finite cyclic subgroup of SO (2) generated by the rotation 
of for some N > 1. A closed 7 6 AM will be called prime if its stabilizer in 0(2) 
is trivial, i.e., if 7 is not the A-th iterate of some other curve in AM with N > 1. The 
functional / defined in AM is invariant by the action of 0(2); moreover, this action leaves 
Af invariant, and it commutes with the time translations (Tt ° )■ We therefore get an 
equivariant and isometric action of 0(2) on the manifold M by g ■ [7] = [g • 7] , g G 0(2). 
An element [7] e Af will be called prime if 7 is prime, in which case its orbit 0(2) • [7] 
will contain only prime curves. The existence of infinitely many geometrically distinct (in 
the sense of the definition given in the Introduction) closed geodesies in M is equivalent 
to the existence of infinitely many distinct prime critical 0(2)-orbits of / in Af. 

It will be useful to prove the following two results: 

Lemma 5.7. If (M , g) has only a finite number of geometrically distinct closed geodesies, 
then the critical orbits of f in Af are isolated. 

Proof. If 71, . . . , 7r is a maximal set of pairwise geometrically distinct closed geodesies 
in M with (0) 6 S for all j, then the critical orbits of / in A^ is the countable set formed 
by all the iterates 0(2) [7^], j = 1, . . . , r, N > 1; observe that f(jj) > for all j. 
Any sequence k 1— > ~fj h ^ of pairwise distinct iterates of the Tj 's would necessarily have 
Nk — > 00, hence f(lj^ k ^) — * +00. In particular, no subsequence of such sequence could 
have a converging subsequence in Af. The group 0(2) is compact, and the conclusion 
follows easily. □ 

Let S be a Cauchy surface in (M, g); we will use the identification ( 15.81 ) to prove the 
existence of a strong deformation retract from the e-sublevel of / in Af to the set of constant 
curves in S. 
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Lemma 5.8. For e > small enough, the closed e-sublevel of f in Af: 

r = {[ 7 ]eA/-:/( 7 )<£} 
is homotopically equivalent to ( the set of constant curves in) S. 

Proof. Let us show that the map f s 3 7 1— > 7(0) £ S is a deformation retract. By 
part (fJJ of Proposition 15.11 it suffices to show that there exists a continuous map $ : 
f E x [0, 1] — > AM with $(7, 0) = 7 and $(7, 1) equal to the constant curve 7(0). To this 
aim, consider the auxiliary Riemannian metric h on M defined by h(v,w) = g(v,w) — 
2g(v, VT)g(w, VT) 5 (VT, VT)- 1 . Recalling that the functions g{y, y) and g{VT, VT) 
admit minimum in M, set ao — min [— g(y,y)] > Oandfeo = mm [ — <7(VT, VT)] > 0. 
From (ESI, if [7] £ / e , then: 



f 1 g(j,VT) 2 dt<2ea- 1 , 
Jo 



and thus: 
(5.10) 

/ h(j,j)dt= [ \g(j,j)-2g(j,VT) 2 g(VT,VT)- 1 }dt<e[l , , 
Jo Jo L J V a oOo, 

Using the Cauchy-Schwartz inequality, we get that the /i-length of every curve 7 £ f £ is 
less than or equal to e ^1 + -^^j ■ Let po > be the minimum on the compact manifold S 

of the radius of injectivity of the Riemannian metric h; choose a positive e < pa ( J t °^ 2 ^ ; 

if 7 is a curve in / e and t £ [0, 1], then the /i-distance between 7 (i) and 7 (0) is less 
than po- The required deformation retract $ is given by setting $(7, s)(t) = c(s), where 
c : [0, 1] — > M is the unique affinely parameterized minimal /i-geodesic from 7 (0) to 
7 (t). ' □ 

6. The Morse index theorem 

In this section we will prove an index theorem for closed geodesies in a stationary 
Lorentzian manifold with arbitrary endpoints, generalizing the result in ||39l . The result is 
now obtained as a corollary of Theorem 13. 101 together with the semi-Riemannian Morse 
index theorem for fixed endpoints geodesies proved in lfl8l . An earlier version of the 
theorem was proven in ll39l for the nondegenerate case, under the further assumption that 
the closed geodesic be orientation preserving. The use of Theorem 13 . 1 01 allows to get rid 
of both these extra assumptions at the same time. 

6.1. The index theorem. Let us consider a closed geodesic 7 in M; it is easy to check 
that TLA/" contains the space of all Jacobi fields J along 7 such that J(0) = J(l). The 
following lemma tells us that 7 is a nondegenerate critical point of / if and only if it is a 
nondegenerate critical point of f\j^: 

Lemma 6.1. Let 7 be a critical point of /|w% i- e -> a closed geodesic in M. Then, the kernel 
of the index form I 1 in T 7 A/* coincides with the Kernel of I~ 1 in T^AM, and it is given by 
the space of periodic Jacobi fields along 7: 

Ker(/ 7 | T ^ x7V v) = {j Jacobi field along 7 : J(0) = J(l), gj(Q) = 
Moreover, consider the following closed subspace W 7 £ TyV.' 

w 7 = {V £ xyv : 7(0) = v{\) = oj. 

Then, the I^-orthogonal space ofWy in T^Af is given by: 

Sj = |j Jacobi field along 7 : J(0) — J(l)|. 
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Proof. The statement on the kernel of J 7 is proved readily using the following two facts: 

(a) TjAM = T 7 J\f + 2), where 2) is the space of vector fields in T 7 AM that are 
pointwise multiple of the Killing field y; 

(b) 2) is contained in the 7 7 -orthogonal complement of T 7 Af in T 7 AM. 

In order to prove (a), simply observe that, for any W E T 7 AA/, then the vector field V 
along 7 defined below belongs to T 7 Af: 

v{t) = w{t) + x w (t) ■ t e [o, i], 

where 

^c w + 9 (w,iy)- 9 (^y) 

u Jo g(y,y) 

and 

ds 



ir 



/o 

Part (b) is a simple partial integration calculation, which is omitted; similarly, the last part 
of the statement is obtained by an immediate calculation using the fundamental Lemma of 
calculus of variations. □ 

Remark 6.2. In the case of a periodic geodesic 7 the index form J 7 is always degenerate, 
being the tangent field 7 in its kernel. Moreover, also the restriction of the Killing field y to 
7 is a non trivial Jacobi field in Ker(/ 7 |T_,./VxT_,jv)- Thus, dim[Ker(J 7 |^ArxT T A/')] > 2. 

Remark 6.3. If S is a Cauchy surface in (M, g), using the identifications ( 15 ,8b and d5.9t , 
the null space of the Hessian of /| r> at [7] is given by the space of periodic Jacobi fields J 
along 7 such that J(0) € T„(p\S. The tangent space TLi (0(2)[7]J is given by the space 
of all constant multiples of the periodic Jacobi vector field J along 7 given by J(t) = 
7(i) + ay (7(*)), where a 6 Ris such that J(0) £ T 7(0) 5. 

By Lemma loTTl the nullity 11(7) is equal to the dimension of the space of periodic Jacobi 
fields J along 7. 

Theorem 6.4 (Morse index theorem for closed geodesies with arbitrary endpoints). Let 

7 : [0, 1] — > M foe a closed geodesic in M. Then, the Morse index ^1(7) of f\j^ at 7 is 
g/ven fry: 

(6.1) fi(j)=i M (j) + l + n-(Bo)-ni, 

where Bq is the symmetric bilinear form on the finite dimensional vector space 5 7 given 
by: 

(6.2) S (Ji, J 2 ) =s(^Ji(Q), J 2 (0)), 
ant/ nx « dimension of the vector space: 

W 7 nKer(7 7 ) = | J Jacobi field along 7 : J(0) = J(l) = 0, ^J(O) = ^J(l)}. 

Proof. Formula ( 16. U follows from Theorem 13.101 applied to the index form 7 7 and the 
closed spaces W 7 and 5 7 introduced in Lemma l6~T1 One has: 

n -( / 7lw T xw T ) = im(7) + 1 - n , 

where no is the dimension of the vector space: 

W 7 n S 7 = { J Jacobi field along 7 : J(0) = J(l) = 0}. 

Such equality is given by the Morse index theorem for fixed endpoints geodesies, which is 
proved in ifTBI in the nondegenerate case, and in lfl8ll for the general casqj. In order to apply 
the result of [ 18 1, one needs to observe that the extended index (i.e., index plus nullity) of 



7 Recall also that the definition of Maslov index i]yi(7) employed here differs by 1 from the definition in 1181 . 
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I j in W 7 is equal to the spectral flow of the path of Fredholm symmetric bilinear forms 
[0, 1] 3sh 7 7 | defined on the space of fixed endpoints variational vector fields along 
7|[o,al- This follows easily from the fact that I 1 is negative semi-definite on the space 2} 
defined in the proof of Lemma loTTl An immediate partial integration argument shows that 
the restriction of J 7 to <S 7 is given by ( 16.21 ). and equality ( 16. U follows readily. □ 

Observe that the following inequalities hold: 

< m < dim(M), < n_(S ) < dim(M), < 11(7) < dim(M), 
(6.3) < n_(B ) + n - m < dim(M). 

Inequality ( 16.31 ) is obtained easily using part (01) in Lemma lXTl and observing that W 7 has 
codimension equal to dim(M) in TyV. 

6.2. Morse index of an iteration. Throughout this subsection, we will consider a fixed 
critical point 7 of f\j^. Given an integer N > 1, let us denote by 7W the N -iterated of'), 
defined by 7W (t) — j(Nt) for all t G [0, 1], where 7 : R — * M is the periodic extension 
of 7. Observe that 7W is a critical point of for all TV > 1. One of the central results 
of this paper will be to establish the growth of the sequence /1 (7W) (Proposition IO 
and Corollary 16.81 ). The result will be first established for orientation preserving closed 
geodesies, and then extended to the general case using Lemma l6~5l below. 

Although it is not clear at all whether the Morse index of a closed geodesic increases by 
iteration, an argument using a finite codimensional restriction of the index form yields the 
following interesting consequence: 

Lemma 6.5. There exists a bounded sequence of integers (djv) jv>i such that the sequence 
G Z is nondecreasing. 

Proof. Let us introduce the following space: 

(6-4) w; = [v g w 7 : 9 (%v, y) - g(v, %y) = 0}. 

Clearly, W° is a 1 -codimensional closed subspace of W 7 , being the kernel of the bounded 
linear functional W 7 3 V ^ Cy G R (see (15.3b ). Hence, recalling part (@]( in Lemma |2~T1 

n_(/ 7 | W o xW o) < n_(/ 7 |>v 7X >v 7 ) < n_(/ 7 |w°xw°) + 1- 

Thus, keeping in mind formula ( 16.11 ) and inequality 16.31 in order to prove the Lemma it 
suffices to show that the sequence p,{j^) is nondecreasing, where 

(6.5) £(7) = n_(/ 7 |w°xw°)' 

To this aim, let 1 < N < M be given, and consider the map: 

£n,m ■ W° ( iv) — > W° (M ) 

defined by £n,m(V) = V, where: 

fv(tM/N), if t G [0,N/M]\ 



V(t) 



[0, if*G]JV/M,l]. 



Obviously, £n.m is an injective bounded linear map; an immediate computation shows 
that the following equality holds: 

(6.6) I^m)(£n,m(Y),£nMW)) = f I^*o{V,W), VV,WeW; iN) . 

Hence, if V C VV° (JV) is a subspace such that dim(V) = n_ (l-y\w m xw° (JV) ) an d such 

that Zy(w) is negative definite on V, then dim(£;v,Af (V)) = dim(V) and, by (16.61 ). 

is negative definite on £n,m0^)- This shows that p,^y^ N ^ < p,(j( M ^ and concludes the 

proof. □ 
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It will be useful to record here the following relation between the Morse index ^(7), the 
Maslov index Im(7) an d the restricted Morse index fl(^) (see (16.5b ) of a closed geodesic 7: 

m(t) < im(7) < 

more precisely: 

M(7) = Vm(7) + A 7 , < A 7 < dim(M) - 1, 
(6 ' ?) i M (7) = fi(f) + Sy, < B 1 < 1. 



Exploiting the same idea in Lemma 1531 one has the following result on the additivity of 
the Morse index: 

Lemma 6.6. There exists a bounded sequence (ejv);v>i of nonnegative integers such that 
for all r, s > 0, the following inequality holds: 

(6.8) ^(7 (r+s) ) > M7 W ) + M(7 (s) ) - e r - e s . 

Proof. As in the proof of Lemma l6.5l the sequence p,{"/^ N ^) satisfies: 

M(7 (r+i) ) >/2( 7 (r) )+M7 (s) ); 
the conclusion follows easily using ( 16.71 ) and setting = A ( N ) + £? 7 (n) < dim(M). □ 

Finally, we have our aimed results on the growth of the Maslov index: 

Proposition 6.7. Given any closed geodesic 7 in M, the sequence of Morse indices N 1— > 
^(7^)) is either bounded (by a constant depending only on the dimension of M), or it 
has superlinear growth in N for large N. 

Proof. Assume first that 7 is orientation preserving, and that (JtOy^) is not bounded. Let 
A;* G IN be the first positive integer such that: 

/i(7 (M ) > 8dim(M) + 1. 

Using Theorem 16.41 the noncreasing property of the restricted Morse index proved in 
Lemma l6"31 and formulas ( 16.7b . for m > fc*, we compute as follows: 

r \ 1 \ Lemma l631 , , m , , , 

M ( 7 W) = /2( 7 ('»)) + A 7<m) + S 7(m) > /I( 7 (L-JM) + A 7Cm) + B 7(ra , 

by EH , yinnv. 

> i M (7 (L ~ J * } ) - 1 + V"> + S 7<-> 

Corollary l49l 



> 



(i M (7 (fe * ) ) -7dim(M)} 





m 


)■ 





5dim(Af) - + B 7V 



byED / M ( 7 ( fc *)) _ 8dim(M) - 1\ 



Here, |_ - J denotes the integer part function. The conclusion follows, recalling from formu- 
las ( 16.71 ) that A 7 (m) and £L(m.) are bounded sequences. 

For the general case of possibly non orientation preserving closed geodesies, observe 
that the double iterate 7^ of any closed geodesic is orientation preserving. Observe also 
that, by Lemma l6~5l the sequence ^(7^) is bounded if and only if /J.^ 2 ^) is bounded. 
Based on these observations and on Lemma 16.51 establishing the superlinear growth of 
A* (7^) in the non orientable case is obtained by elementary arithmetics from the previous 
case. □ 



We will need a slightly refined property on the growth of the Morse index, which is 
some sort of uniform superlinear growth: 
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Corollary 6.8. Let 7 be a closed geodesic in M such that ^(7^) is not bounded. Then, 
there exist positive constants 5t,f3 € It, such that, for s sufficiently large, the following 
inequalities hold: 

(6.9) M(7 (r+i) ) > M(7 W ) +sa-j3, Vr > 0. 
Proof. Let fc* be as in the proof of Proposition ^. 71 and set 

..JW-MM")-!. J_„ ( yM ) + 1 . 

For s > fe*, inequality J6.9I ) follows readily from Lemma ISTSI and Proposition ^. 71 □ 

6.3. Nullity of an iteration. The nullity of an iterated closed geodesic 7 will be computed 
using the spectrum of the linearized Poincare map *P 7 defined below. Given a closed 
geodesic 7 : [0, 1] — » M, denote by V the space T 7 ( )M © T 7 ( )M*, endowed with its 
canonical symplectic structure, and let *P 7 : V — > V be the linear map defined by: 

5P 7 (J(0),^J(0)) = (J(l), ff £j(l)), 
where J is a Jacobi field along 7. The map *}3 7 is a symplectomorphism of V; denote 
by s(^3 7 ) its spectrum. It follows from Lemma |6~T1 that Ker(J 7 |:r AfxT-yjv) consists of 
all Jacobi fields J along 7 such that ( J(0), <7gj>/(0)) belongs to the 1-eigenspace of ^ 7 . 
The subspace of V spanned by (7'(0), 0) and by (3^(7(0)), <?V 7 /( )3 ; ) is a 2-dimensional 
isotropic subspace of Ker(<P 7 ). From Proposition [53] it follows that 0(2) [7] is a nonde- 
generate critical orbit of / in M when dim[Ker(/ 7 T T AfxT T Af)] = 2. We have a result 
on the nullity of an iteration, which is totally analogous to the Riemannian case (see ET1 
Lemma 2] and [31, Proposition 4.2.6]); its proof, repeated here for the reader's conve- 
nience, is purely arithmetical. 

Lemma 6.9. Let 7 be a closed geodesic in M and let 7W denote its N-th iterate, N > 1. 
Then, 0(2) [7^] is a nondegenerate critical orbit of f in Af if and only if: 

(a) 0(2) [7] is a nondegenerate critical orbit of f in Af; 

(b) s(^3 7 ) \ {1} does not contain any N-th root of unity. 

Moreover, there exists a sequence mi, . . . , m s of positive integers, s < 2 dlm ( M ', and, 
for each j 6 {1, . . . , s}, a strictly increasing sequence qji < q,j2 < . . . < qj m < ■ ■ ■ of 
positive integers such that the sets Nj — {rrijqji,i = 1,2, . . .} form a partition of 1N\{0}, 
and such that 

(6.10) n(7 m ^*) =n(7 ro 0, Vi G IN. 

Proof. The first statement is proved easily observing that = *P 7 (iv) . 

For the second statement, consider all the elements in s(*P 7 ) of the form e ±27r 9\ with 
p, q positive integers and relatively prime. Let D the possibly empty set of all these de- 
nominators, and for all E C D denote by m(E) the least common multiple of all elements 
of E, setting m(0) = 1. Denote by mi, . . . , m s the set of all pairwise distinct numbers 
obtained as m (E), for all subsets E C D, where mi = 1. Clearly, s < 2 dim< - M \ Finally, 
for all j G {1, . . . , s}, consider a maximal sequence {qji, i > 1} of positive integers such 
that none of the rrik, with k ^ j, divides rrijqji. Then, ( 16.101 ) holds; furthermore, every 
m € IN \ {0} can be written as the product mjq, where q is a positive integer, and rrij 
is some divisor of m among the elements mi, . . . , m s . If mj is the maximum of such 
divisors, then q must be one of the qji's, for some i > 1. This concludes the proof. □ 



Remark 6.10. By Lemma I6T91 we have the following situation. Assuming that there is 
only a finite number of geometrically distinct closed geodesies in M, it is possible to find a 
finite number of closed geodesies 71, . . . ,j r (possibly not all geometrically distinct) such 
that any closed geodesies 7 in M is geometrically equivalent to some iterate 7^' of one 
of the 7j's, and it has the same nullity as 7^. 
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7. Equivariant Morse theory for the action functional 

7.1. Abstract Morse relations. Given sequences (p,k)k>o and (Afc)fe>o in 1NIJ{+oo}, 
we will say that the sequence of pairs (/i^, 0k)k>o satisfies the Morse relations if there 
exists a formal power series Q(t) = J2k>o Ik t k with coefficients in IN U{+°°} sucn that: 



J2^t k = j2^t k + (i+t)Q(t). 



k>0 k>0 

This condition implies (and, in fact it is equivalent to if all /^'s are finite) the familiar set 
of inequalities: 

mo > A), 

mi - Mo > A - A 

M2-M1+M0 > 02-01+^0, 

Mfc-Mfc-i + "- + (-l) fe Mo > & - /3fc-i + • • • + (-1)*A>, 



that are called the strong Morse inequalities. In turn, these inequalities imply the weak 
Morse inequalities: 

(7.1) Mfc>/?fc, Vfc>0. 

Given a pair Y C X of topological space and a coefficient field K, let us denote by 
Hk(X, Y; K) the fc-th relative homology vector space with coefficients in K, and by 
0k(X, Y; K) = dim(i? fc (X, Y; K)) the fc-th Betti number of the pair. WesetiJ fc (X; K) = 
Hk(X, 0; K) and 0k(X; K) = 0k(X, 0; K). Using standard homological techniques, one 
proves the following: 

Proposition 7.1. Lef K fee afield, and let (AT„)„>o fee a filtration of a topological space 
X; assume that every compact subset of X is contained in some X n . Setting: 

00 

H k = ^0k{X n+ i,X n -K), fc>0, 

n=0 

and Pk — 0k{X, Xq] K), ffeen ffee sequence (p,k, 0k)k>o satisfies the Morse relations. □ 

7.2. Homological invariants at isolated critical points and critical orbits. Let us recall 
here a few basic facts on the homological invariants associated to isolated critical points 
and group orbits; the basic references are |[T2l l20l |2T1 l24l |49l . Let M. be a smooth Hilbert 
manifold and let f : M. — > K, be a smooth function; for del, denote by f d the closed 
sublevel {x E M : f(x) < d}. Let p 6 M be a critical point of f, and assume that 
the Hessian itf(p) of f at p is represented by a compact perturbation of the identity of 
T p M. A generalized Morse Lemma for this situation ( ll20l Lemma 1]) says that there 
exists a smooth local parametrization of M around p, $ : U — ► V, where U is an open 
neigborhood of G T p M = KerfH7(p)J © Ker(Hf(p)), V is an open neighborhood 
of p, with $(0) = p, and there exists an orthogonal projection P on Ker(Hf(p)) ± such 
that f o $(x,y) = \\Px\\ 2 - ||(1 - P)a;|| 2 + f (y), where f : U n Ker(Hf (p)) R is 
a smooth function having as an isolated completely degenerate critical point. Using this 
decomposition of f, a homological invariant Sj(f,p; K) of f at p is defined by: 

W,p;K) = H*(W p ,W-;K), 

where K is any coefficient field, and (W, W~ ) is a pair of topological spaces constructed 
in ||20| and called admissible pair (a GM-pair in the language of |49l ). Let us describe 
briefly such construction. Denote by r\ : R x M. — » the flow of — Vf and set f(p) = 
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c; an admissible pair (W p ,W p ) is characterized by the following properties (see |49l 
Definition 2.3]): 

(1) W p is a closed neighborhood of p that contains a unique critical point of f and such 
that: 

(a) if t\ < t 2 and r]{ti,x) E W fori = 1, 2, then r](t, x) G W for all t G [ti,t 2 ]\ 

(b) there exists e > such that f has no critical value in [c — e, c[ and such that 

W n f- £ = 0; 

(2) W- = {x G W : r?0, t) £ W, V* > 0} is closed in W; 

(3) is a (piecewise smooth) hypersurface of Ai which is transversal to Vf. 

By ll49l Theorem 2.1], if (W p , W~) is an admissible pair, then: 

H.{W p ,W-;K)=H.(f,f\{p};K); 
furthermore, by excision, if U is any open subset of M containing p, then: 

S*(f,p; K) =H*(Un f , C/ n (f) \ M); K). 

If M. is complete, c is the only critical value of f in [c — e, c + e], and pi, . . . ,p r are 
the critical points of f in f _1 (c), then the relative homology (f c+e , f c_e ; K) can be 
computed as: 

r 

H*(f +£ ,f- £ ;K) =0i3,(f, Pi ;K). 

i=l 

Another homological invariant -f)°(f, p; K) is defined by setting: 

i5°(f,p;K)=i5(f ,p;K), 

where fo is the degenerate component of f described above. Among the main results of 
ll20l . the celebrated shifting theorem gives a relation between £j(f,p; K) and 53°(f,p; K). 
The shifting theorem states that if fi(j>) is the Morse index of f at p, then: 

(7.2) % +M(p) (f,p;K)=^(f ) p;K), Vfc e Z. 

The homological invariant f), as well as 9f, is of finite type, i.e., f)^ is finite dimensional 
for all k and S)k = {0} except for a finite number of fc's. Moreover, the homological 
invariant ff has the following localization property 

Lemma 7.2. Let M. be a smooth Hilbert manifold, f : M. — > R be a smooth map, p 6 
an isolated critical point of f smc/z that the Hessian (p) is represented by compact 
perturbation of the identity. Let M be a smooth closed submanifold of M. containing p 
such that Vfq 6 T q M.for all q G M, and such that the null space of the Hessian (p) is 
contained in T p M. Then, Sj°(j,p) = S)°(j\ n^p)- 

Proof See J20l Lemma 7, p. 368-369]. □ 

Consider now the case of a compact Lie group G acting by isometries on Ai, and let 
f : M. — > R be a G-invariant smooth function satisfying the Palais-Smale condition. If 
p is a critical point of f, denote by Gp its G-orbit, which consists of critical points of f. 
If such critical orbit is isolated, i.e., if there exists an open neighborhood of Gp that does 
not contain critical points of f oustide Gp, then one defines a homological invariant at the 
critical orbit Gp by setting: 

ft(j,Gp;K) = H4f,f\Gp;K), 
where c = f(p). Again, by excision, if U is any open subset of M. containing Gp, then: 

£*(f, Gp; K) = H«(Un f , U n (f ) \ Gp); K) . 
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If M. is complete, c is the unique critical value of f in [c — e, c + e], and the critical set 
of f at c consists of a finite number of isolated critical orbits Gpi, . . . , Gp r , then by l42l 
Theorem 2.1], the relative homology (f c+6 , f c ~ e ; K) can be computed as: 

r 

(7.3) H4f + s , f- £ ;K) = 0i5*(f, G Pl ; K). 

i=l 

7.3. Local homological invariants at critical 0(2)-orbits in M. Let us now consider 
the Hilbert manifold AT (15.8b and the geodesic action functional / : Af — ► H. Consider 
a non constant critical point [7] of / and assume that the critical orbit 0(2) [7] is isolated. 
Recalling that the Hessian of / at each critical orbit is a Fredholm form which is a compact 
perturbation of the identity (part © of Proposition 15. U . the completeness of Af and the 
Palais-Smale condition (Proposition l5.4b . the construction of the local homological invari- 
ant at the critical orbit 0(2) [7] can be performed as follows. Denote by T C SO (2) the 
stabilizer of 7, which is a finite cyclic group; observe that the quotient 0(2)/T = 0(2) [7] 
is diffeomorphic to the union of two copies of the circle and denote by ^(0(2) [7]) C TAf 
the normal bundle of O (2) [7] in Af. Denote by EXP the exponential map of Af relatively to 
the metric d5.2l ). and let r > be chosen small enough so that EXP gives a diffeomorphism 
between: 

Ar = {v G i/(0(2)[ 7 ]) : \\v\\<r] 
and an open subset P of Af containing 0(2) [7]. For u G 0(2) [7], set 

p" = EXP u (Anr B A(); 

P is a normal disc bundle over 0(2) [7] whose fiber at u is P". Observe that, since 0(2) 
acts by isometries on Af, then for all g <E 0(2) and all u G 0(2) [7], gV u = V gu . In 
particular, the restriction of the 0(2)-action gives an action of T on each fiber V u . 

Consider the principal fiber bundle 0(2) 1— » 0(2)/r = 0(2) [7]; we claim that the 
bundle D can be described as the fiberwise productu 

(7.4) V = 0(2)x r V~<. 
Namely, consider the local diffeomorphism rp : 0(2) x V — > V: 

0(2)xVi 3 (g, a) ^ga€V; 

assuming ip(g, a) — t/j(g'i a') gives g^g 1 — h G T, and /icr = cr', thus (g', cr') = 
(gh^ 1 , ha) and passes to the quotient giving a diffeomorphism %j) : 0(2) Xr T>~< — > 
P, and (17.41 > is proved. As observed above, by excision, the local homological invariant 
■£>(/, 0(2) [7]; K) can be computed as: 

«„(/, 0(2) [7] ; K) = i?*(/ c n P, (.f \ 0(2) [7]) n V; K), 

where c = /( 7 ). Since / is 0(2)-invariant, with this construction, we have 5(/ c (~l I? 7 ) = 
f c n P 97 for all g G 0(2); in particular, / c n P 7 is T-invariant, and we have two fiber 
bundles over 0(2): 

(7.5) / c np = 0(2)x r (/ c nP 7 ), (rnP)\0(2)[ 7 ] = 0(2)x r ((/ c nP 7 )\{[7]}). 



Recall that given a 5-principal fiber bundle V — » X over the manifold X, and given a topological space y 
endowed with a left CJ-action, the fiberwise product V X g y is a fiber bundle over X whose fiber at x £ X is the 
quotient of the product Vx X y by the left action of Q given by: 

5x^x^)3 (g,(p,y)) = (pg~\gy) ev w xy. 

Since the right action of Q on V x is free and transitive, then each fiber of V Xg ^ is homeomorphic to y. 
Fiberwise products are examples of associated bundles to principal bundles. 
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If c is the only critical value of / in [c — e, c + e], and 0(2) [71] , . . . , 0(2) [71] are the 
critical orbits of / in / _1 (c), then by (17.3b the relative homology if*(/ c+£ , f c ~ e ; K) is 
given by: 

r 

(7.6) £/* (/ c+e , / c - £ ; K) = iD» (/, 0(2) [ 7i ] ; K) . 

Remark 7.3. The restriction f\jyt of / to the disc TP has an isolated critical point at [7]. By 
© of Proposition 15. II the Hessian H/' 1 ' 7 at [7] of the restriction f\x>i is essentially posi- 
tive (see part (01i in Lemma 13/41 1, We can therefore define the local homological invariant 
f)(f\v-i, [7]; K) as the relative homology 

55C/V, [7] ; K) = H*(f c nv-y, (f c n W) \ {[ 7 ]};K). 

Observe also that the Morse index of [7] as a critical point of the restriction f\%>-, equals the 
Morse index of / at [7]; the dimension of the kernel of H^' 137 at [7] equals the dimension 
of the kernel of H* at [7] minus one. 

For all k > 0, set: 

B fc ( 7 ;K) = dim[%(/,0(2)[ 7 ];K)], 

C fc ( 7 ;K) = dim[&(/| c ,,[7];K)], and C£( 7 , K) = dim[Sj° k (f\ v -, , [7]; K)] . 
Our construction of the local homological invariants does not clarify that, in fact, the in- 
variants Cfc and C£ do not depend on the metric structure of TV; observe that in Proposi- 
tion [7T8] we will need to employ different Riemannian structures on Af. In order to prove 
the independence on the metric, we will now establish that Cfc( 7 ; K) and C£( 7 , K) can be 
computed by considering restrictions of / to any hypersurface S of Af through [7] which 
is transversal to the orbit 0(2) [7]: 

Lemma 7.4. Let 0(2)[ 7 ] be an isolated critical orbit of f in Af, with /( 7 ) = c, and let E 
be any smooth hypersurface of Al with [7] G E and with Ty^Af = Tj 7 ]E © 7] 7 ] (0(2)[ 7 ]). 
Then, [7] is an isolated critical point o//|s, and 

£*C/V, W;K) =^,(sn r, (s n f c ) \ {[ 7 ]} ; k). 

Moreover, the Morse indexes and the nullities of [7] as a critical point of /|x>t a«<^ 
coincide. 

Proof. Let E be as above; the entire result will follow from the existence of an /-invariant 
diffeomorphism ip from (a small neighborhood of [7] in) T) 1 onto (a small neighborhood of 
[7] in) E with ^([7]) = [7]. Consider the smooth map E x 0(2) 3 (u, g) 1— > gu G Af; the 
assumption of transversality of E to the orbit 0(2) [7] implies that the differential of this 
map at the point ([7], l) is an isomorphism, hence the map restricts to a diffeomorphism 
from a neighborhood of ( [7] , l) to a neighborhood of [7] in Af. Since T) 1 is also transversal 
to 0(2)[ 7 ], a neighborhood of [7] in I? 7 is diffeomorphic, via this map, to the graph of a 
smooth function 99 : E — * 0(2), where E is a neighborhood of [7] in E and y>([ 7 ]) = 1. 
The required /-invariant diffeomorphism ip is given by E 3 u 1— > ip(u)u G T) 1 . □ 

Corollary 7.5. Under the assumptions of Lemma \7.4\ 

«(/kr,[ 7 ];K) -io°(/| s ,[ 7 ];K). 

Proof. Follows immediately from Lemma IT4l and the shifting theorem ( 17.21 ). □ 

Remark 7.6. More generally, from the proof of Lemma P7~4l we get that if E is any hyper- 
surface of Af as in the statement, all the properties of f\-p-i discussed in Remark 1731 also 
hold for the restriction / 1 s . Under the circumstance that E is a hypersurface through [7] 
in Af that is orthogonal (relatively to an arbitrary Riemannian metric on Af) to the critical 
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orbit 0(2) [7] at [7], then the null space of the Hessian of /|s at [7] is the intersection of the 
null space of the Hessian of f\rj- at 7 and Tj 7 ]£. This follows easily from the observation 
that T[ 7 ] (0(2) [7]) is contained in the kernel of the Hessian of at 7. 

Finally, the key result of this subsection is to show that the local homological invariants 
at [7] coincide with the invariants at the iterate [7^] when 7 and have the same 
nullity (Proposition ^. 81 l. It will therefore be necessary to study the N -times iteration map 
01 : TV ^ TV, defined by Ot([ 7 ]) = [7CO] . 

Lemma 7.7. 9t is a smooth embedding. 

Proof. We use the following criterion, which is proved easily. Let A, B be Banach mani- 
folds and let A' C Abe an embedded submanifold. Let g : A' — > B and h : B — > A be 
smooth maps such that h o g is the inclusion of A' into A. Then g is a smooth embedding. 
In order to prove the Lemma, the criterion is used in the following setup. The manifolds A 
and B are the sets of all curves a : [0, 1] — > M of Sobolev class H 1 , with cr(0) £ 5, and 
satisfying g(<r, 3^) constant almost everywhere (the esistence of a Hilbert manifold struc- 
ture of this set is proved exactly as for TV). The submanifold A' is TV, which corresponds 
to the subset of A consisting of closed curves. The map g is the TV-times iteration map 91, 
and the map \) is defined by h(cr) = a, and a(t) = a(t/N), for all t £ [0, 1], □ 

The differential d91[ 7 ] at [7] is the TV-times iteration map for vector fields along 7. Let 
us now prove the following central result: 

Proposition 7.8. Let 7 be a closed geodesic in M, let TV > 1 be fixed, and assume that 
0(2)W w 'l is an isolated critical orbit of f in TV. Then, 0(2) [7] is an isolated critical 
orbit of f in St, and if '11(7) = n( 7 W), one has C%(r, K) = C£ (7 W ; K) for all k. 

Proof. The idea of the proof is analogous to that of ||2T1 Theorem 3] and ll24l Proposi- 
tion 3.6]; several adaptations are needed due to the fact that we are dealing with different 
metric structures in the manifold M; the Lorentzian structure g and the Riemannian struc- 
ture gn (recall i5.1V ) employed in the definition of the Hilbert structure of TV. 

Consider a modified Riemannian structure on TV induced by the inner product (compare 
with (15.2b ) on each tangent space T 7 TV given by: 



(7.7) (V, W) N = f \N 2 g R (V, W) + g R {^V, 

Jo L 



dt. 



Consider the TV-times iteration map 91 : (TV, (•,•)) — > (TV, (•, -)jv), which is an embed- 
ding onto a smooth submanifold 9t(TV) of TV by Lemma l7?7l and it preserves the metric up 
to a factor TV 2 . We claim that, at the points in the image of the map 9"!, the gradient V N f 
of the functional f\r> relatively to the metric (•, -)jv is tangent to the image of 9t. The 
set of points in the image of 91 where this situation occurs is closed, and so, by a density 
argument, it suffices to prove the claim at those points <j( N > = 9T(ct) in the image of 01 
that are curves of class C 2 . Given one such point a^ N \ using the fundamental theorem 
of Calculus of Variations, one sees that the the gradient V N f{a {N) ) of / at crW is the 
unique periodic vector field X along erW that solves the differential equation: 

„(^x-N 2 x,y) 



g(y,y) 



(7.8) ^X N'X 2 — — , - Tt Tt 



Now, if X* is the vector field along a which is the unique periodic solution of: 

iX* - X 

g(y,y) 



d| x _ x _ gQtX*-x*,y) d d 
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i.e., X* is the gradient of / relatively to the metric (•, •) at a, then the iterate xi N ^ — 
d < Jl (7 (X^) satisfies ( 17.8b . which proves the claimQ 

Let r C SO (2) be the stabilizer of 7; consider a normal disc bundle T> = 0(2)V = 
0(2) x r T>"> of the critical orbit 0(2) [7] as described in SubsectionlT2l The image 9t(£> 7 ) 
is a smooth embedded submanifold of Af containing j^ N '; since 91 : V — » 91(P 7 ) is a 
diffeomorphism and / o 91 = N 2 f, then: 

(7.9) s:(/k^),7 (JV) ;K) =^(/|^, 7 ;K). 

In order to conclude the proof, we will now determine a hypersurface S in Af through 
j( N ) which is transversal at [7^] to the orbit 0(2) [7^] and satisfying the following 
two properties: 

(a) 9l(£> 7 ) c E; 

(b) the gradient V Ar (/| E ) at the points of 91(P 7 ) is tangent to 91(P 7 ); 

(c) the null space of the Hessian H-^ E at [7 < - Ar - ) ] is contained in T[ 7 (j V )]OT(r )7 ). 
By Corollary [73] it will follow that: 

(7.10) C, (7 (A,) ;K) = dim[^(En/ d ,(En/ d )\{[7 (Ar) ]};K)], Vfc > 0, 

where d = f('j < - N ' > ) = cN 2 and c = f(~y). Moreover, using Lemma [7721 properties (a), 
(b) and (c) will imply that: 

(7.11) H* (E n f d , (E n f d ) \ {[ 7 W ]}; K) = W(fh(v^, 7 W ; K) . 

The thesis will follow then from tfTM , ( f7~T0b and ( 177111) . 

For the construction of the desired E, consider be the normal bundle 1/(91(2?)) of the 

submanifold 91(P) in Af relatively to the metric (•, •) at. Let EXP be the exponential map 
of Af relatively to the metric (•, )jv; define E to be the image under EXP of a small 
neighborhood U of the zero section of the bundle i/(91(P)) |<n(rn), i.e., the restriction to 
91(P 7 ) of the normal bundle of 91(P). Since T) 1 is a hypersurface in V, if U is sufficiently 
small, then E is a hypersurface in Af; clearly, 91(2? 7 ) C E. 

The image 9l(SO(2)[7]) coincides with the orbit SO(2) [y {N) ] ; this is easily seen ob- 
serving that the map SO (2) 3 g 1— ► g N G SO (2) is surjective. Since P 7 is orthogonal 
to 0(2) [7] and 91 is metric preserving up to a constant factor, it follows that E is orthog- 
onal to 0(2) [7^)] at [7^] (observe that [7^] belongs to the connected component 
SO(2) [7W] of 0(2) [7^)]) relatively to the metric (•, -) N . 

For u G 91(P 7 ), the tangent space T u Yj is given by the orthogonal direct sum (see 
Lemma |779"l below): 

(7.12) T„E = T u (m(v~<)) e T u (Vl{V)) X . 

From the first part of the proof we know that at the points u G 91(2? 7 ), the gradient 
V N f(u) is tangent to 91(2?); from d77T2b . the orthogonal projection of V w /(u) onto T n E, 
which is the gradient of /|e at u, must be tangent 91(P 7 ). Property (b) is thus satisfied. 

Finally, we claim that the differential d91[ 7 ] of 91 at [7] carries the null space of the 
Hessian of /|x>t at [7] (injectively) into the null space of the Hessian of / |s at [7]. Namely, 
recall from Remark 17761 that the null space of the Hessian of /|x" (resp., of /|s) at [7] 
(resp., at py^l) consists of all periodic Jacobi fields that are orthogonal to the critical 
orbit 0(2)[7] (resp., 0(2) [7^]). Thus, the proof of the claim follows easily observing 
that the map d91[ 7 ]: 

• carries periodic Jacobi fields along 7 to periodic Jacobi fields along 7^; 

• carries 7] 7] (0(2)[ 7 ]) isomorphically onto T [j{N)] (0(2) [7W] ); 

• preserves orthogonality. 



9 0bserve that dOV (y \ „ ) = y \ i 
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The null spaces of the two Hessians have the same dimension, because of our assumption 
on the nullity of [7] and of [7^] (recall from Proposition l5 .41 and Remarks 17.31 17.6l that 
these two spaces have dimensions n(7) — 2 and nCy^n — 2 respectively). This implies 
that the null space of H/I s at [7^] is in the image of dOTr—i , hence it is contained in 
Tj 7 (N)]0T(2? 7 ), which gives property (c). This concludes the proof. □ 

Lemma IT9l below has been used in the proof of Proposition ^. 8l to the following setup: 

A = Kf, B = yi(Vy) and E = v(^l{V)) 

Lemma 7.9. Let A be a Hilbert manifold and B C A a submanifold. Let v{B) C T A 
be the normal bundle of B in A and let E C v(E) be a subbundle. Let U C v{E) be 
a small open subset containing the zero section and set S = exp(J7 PI E). Then, B is a 
submanifold ofT,, and for all b G B, the tangent space T b Yl is the orthogonal direct sum 
T b B © E b . 

Proof. B is the image of the zero section of E. At each point b G 0, b G B, there is a 
canonical isomorphism To b E = T b B © Eb, where T b B is identified with the tangent space 
at b of 0. Using this identification, the differential d(exp |o)(0&) : T b B © {0} — > T b B 
of the restriction of exp to at Ofc is the identity. Moreover, the restriction of dexp(Ofc) to 
{0} © E b coincides with the differential dexp fc (0{,), which is the identity. Thus, dexp(Oh) 
carries To b E isomorphically onto T b B © E b , and the conclusion follows. □ 

7.4. Equivariant Morse theory for closed geodesies. As observed in Remark lBTBI in or- 
der to prove the theorem we need to show the existence of infinitely many distinct prime 
critical 0(2)-orbits of the functional / in Af; this will be obtained by contradiction, show- 
ing that assuming the existence of only a finite number of geometrically distinct closed 
geodesies will yield a uniform upper bound on the Betti numbers of AM. 

Let us assume that there is only a finite number of geometrically distinct critical orbits, 
hence, by Lemma IBTTl the critical orbits of / in Af are isolated. If < a < b are regular 
values of /, and if 0(2) [71] , . . . , 0(2) [7,.] are all the critical orbits of / in / _1 ([a, 6]), 
then, using ( 17.61 ) and the fact that the are subadditive functions, one has the Morse 
inequalities: 

r 

(7.13) fa(f\f a ;K) <^B k ( 7j ;K). 

3=1 

In particular, since f) is of finite type, i.e., Sfe(7; K) is finite for all k and Bkij; K) = 
except for a finite number of fc's, then (3k(f b , f°", K) < +00 for all a, b and k. 

Using the relative Mayer- Vietoris sequence to the pair of bundles ( 17.5b over 0(2), 
which is homeomorphic to the disjoint union of two copies of the circle, one proves that 
the following inequality: 

(7.14) B k ( T ,K) < 2(Cfc(7,K)+Cfc_ 1 (7,K)), 

holds for all k > 1. The details of this computation will be given in Appendix lAl it 
should be observed that in ll2~Tll24l the inequality is stated only in the case of a field K of 
characteristic zero. 

By the shifting theorem (see ( 17.21 i). inequalities ( 17.141 ) become: 

(7.15) B fc ( 7 ;K)<2(C^ (7) (7;K) + C' fe _ M7) _ 1 (7;K)). 

Proposition 7.10. Let 7 be a closed geodesic in M. If all the critical orbits 0(2) [7^] 
of f in Af are isolated, then the double sequence [k,N) 1 — ► C£(7W;K) i s uniformly 
bounded: 

(7.16) C£(7 (Ar) ;K) < B, V k, N e IN \ {0}. 
Moreover, there exists ko such that C£ (7^; K) = O for all k > fcg and all N > 1. 
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Proof. Inequality (17.16b follows readily from Lemma |6\9l (see Remark l"6. 10b and Propo- 
sition 17.81 For a fixed N, the existence of fco as above is guaranteed by the fact that the 
invariant Sj° is of finite type. Again, independence on N is obtained easily from Lemma loT9l 
and Proposition ^. 81 □ 

Corollary 7.11. Under the assumptions ofProposition \7.10\ the following inequality holds: 

(7.17) B k (j {N) ;K) <4B, ViV > 1. 

Moreover, for fc > fco + 8dim(Af) + 2, the number of iterates 7W of 7 such that 
Bk ; K) 7^ is bounded by a constant C which does not depend on fc. 

Proof. Inequality ( 17.17b follows from (17.15b and ( 17.16b . Moreover, using (17.15b and Propo- 
sition|TT0]we get that B k (7 W ; K) ^ only if: 

(7.18) fc - fco - 1 < m(7 W ) < k. 

If the sequence ^0y^ N ') is bounded, then by our assumption on fc and Proposition ^. 71 no 
iterate y( N > of 7 satisfies ( 17.181 ). Assume that /Lt^W) is not bounded, and let fc* be as 
in the proof of Proposition 16.71 Let fc > fc* be the smallest integer for which fj,0y( k >} > 
fc — fco — 1; we need to estimate the numbers of positive integers s such that /i(7^ fe+s ') < fc. 
If s > fc*, then by Corollary 16. 8 1 

fco + 1 >Kl Ck+s) ) -M(7 (S) ) >as-0, 

where a, f3 > 0. Thus, the number of iterates 7W such that Bk (7^ ; K) / is bounded 
by the constant: 

., fc ° +i+ n. □ 

a J 

Proposition 7.12. Let (M, g) be a Lorentzian manifold that has a complete timelike Killing 
vector field and a compact Cauchy surface. If there is only a finite number of geometrically 
distinct non trivial closed geodesies in M, then the Betti numbers /3fc(AM; K) form a 
bounded sequence for k large enough. 

Proof. Since AM is homotopically equivalent to A/", ft(AM;K) = /3 fc (A/";K) for all 
fc > 0. Denote by 71 , . . . , 7 r a maximal family of pairwise geometrically distinct non 
trivial closed geodesic in M, and let = cq < c\ < ... < c„ < ... be the critical 
values of / in N corresponding to the critical orbits 0(2) [7} ] , N > 1, i = 1, . . . , r. By 
Lemma \5J\ these critical orbits are isolated, and each fixed sublevel f b of / in M contains 
only a finite number of them. By Corollary 17.1 II the sequence (i, fc. N) 1— > Bk(% \ , K) 
takes a finite number of values, and we can define B — max Bk (7! ^ ; K) . 

i,k,N v ' 

For each geodesic 7^, choose numbers fcg and as in Proposition 17 . 1 01 and Corol- 
lary [TTT] set fco = maxfc^ and C = maxC' 1 '. 

i i 

By Corollary 17. Ill for all fc > fco + 8 dim(M) + 2, the constant C is an upper bound 
for the number of orbits 0(2) [7! with Bk (7^ ' ; K) ^0. Using the Morse inequalities 
(17.13b . we have that for all regular values a, b of / in A/", with < a < 6, and for all 
fc > fco + 8 dim(Af) + 2 the following inequality holds: 

(7.19) f3 k {f\f a \K) <±BC. 

By Lemma l578l there exists e G ]0, c\\ such that the sublevel f e is homotopically equivalent 
to a Cauchy surface S of M. For all n > 1, set d n = |(c„ + c„+i), do = £, and for all 
n > set A n = f dn ; each d„ is a regular value of / in Af, and the A„'s form a filtration 
of A/* as in Proposition 17. II Since Ao is homotopically equivalent to S, which is a finite 
dimensional compact manifold, for fc large enough, j3k{N ', Xq; K) = (3k(Af; IK). We claim 
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that, for fc > fco + 8 dim(M) + 2, the number of indices n such that (3k (X n+ i , X n ; K) ^ 
is bounded by a constant Nq that does not depend on k. Namely, arguing as in the proof of 
Corollary [77TTJ one proves easily that such constant Nq can be taken equal to Yli=i C • 
Now, using ( 17.191 1. it follows that: 

oo 

n=0 

for all k > fco + 8dim(M) + 2. Using Proposition 17 . 1 1 ( and the weak Morse inequalities 
(ED), we get: 

A(AM;K) = (3 k (Kf; K) = f3k(fif, X : K) < 4BC7V 
for fc large enough, which concludes the proof. □ 

We are now in the position of finalizing the proof of our main result. 

Proof of the main theorem. Assume that (M, g) is a simply connected stationary globally 
hyperbolic spacetime, having a compact Cauchy surface S and a complete timelike Killing 
vector field y. Then, S is simply connected and, by |44|, the Betti numbers of the free loop 
space of S (or, equivalently, of M) are finite. Then, by Proposition ^. 121 the finiteness of 
the number of geometrically distinct closed geodesies in M implies that the Betti numbers 
of AM form a bounded sequence. The thesis follows. □ 

8. Final remarks 
A few observations on the result presented in the paper and its proof are in order. 

Remark 8.1. As to the notion of geometric equivalence for closed geodesies given in the 
Introduction, and based on the choice of some complete timelike Killing vector field, 
we observe that the property of existence of infinitely many geometrically distinct closed 
geodesic in independent on such choice. This can be seen using the following construction. 
Assume that S C M is a Cauchy surface of (M, g); given a complete time like Killing 
vector field y, one can define a diffeomorphism Py : AT — » AS by considering projections 
onto S along the flow lines of y (note that also the definition of Af employs the given 
vector field y). More precisely, given 7 £ Af, the curve x = Py(7) is defined by x{t) = 
J~h (i) (7W), where T is the flow of y and : [0, 1] — > R is uniquely defined by the 
property that (t) 6 S. By an elementary ODE argument, it is easy to see that 

Fy is indeed a bijection, by proving that, given x G AS, there exists a unique closed 
curve 7 with 7(0) = x(0) such that Py(j) — x and such that 5(7, y) is constant. The 
smoothness of Py is obtained by standard smooth dependence results for ODE's. The map 
Py is 0(2)-equivariant; thus, geometrically distinct closed geodesies in M correspond to 
distinct critical 0(2)-orbits of the functional = / o P-y 1 : AS — > R (this is precisely 
the variational problem considered in ll35l ). Given two complete timelike Killing vector 
field yi and 3^2 in M, the number of critical 0(2)-orbits of the functionals fi and f2 = 
fi ^yl on AS coincide, which proves that the number of geometrically distinct 
closed geodesic in (M, g) is an intrinsic notion. 

Remark 8.2. Under the assumptions of our main result, if in addition the Killing vector 
field y is irrotational, i.e., if the orthogonal distribution 3^ is integrable, then the proof of 
our result is immediate. Namely, in this situation, a maximal integrable submanifold S of 
3^ is a compact totally geodesic Cauchy surface in (Af, <?). Thus, infinitely many closed 
geodesies in M can be obtained applying the classical Gromoll and Meyer result to the 
Riemannian manifold (S, g\s)- 
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Remark 8.3. It must be emphasized that the estimates on the Conley-Zehnder index and the 
Maslov index discussed in Section[4]are very far from being sharp, and they only serve the 
purposes of the present paper. An intense literature on the iteration formulas in the context 
of periodic solutions of Hamiltonians on symplectic manifolds has been produced in the 
last decade (see for instance [13 32 33 1 and the references therein). On the other hand, the 
naive approach discussed in Section [4] seems to simplify significantly the approach using 
Bott's deep results in [8 | on the Morse index of an iteration, even in the Riemannian case. 

Remark 8.4. As to the assumption that M be simply connected, one should note that the 
central result in Proposition 17.121 does not use this. The simple connectedness hypotheses 
is used in the final argument to guarantee the finiteness of the dimensions of all the ho- 
mology spaces of the free loop space of M, by a result on spectral sequences due to Serre 
11441 . Observe that Proposition l7.12l does not give any information on the dimension of the 
homology spaces /3k(AM; K) for k — 0, . . . , fco + 8 dim(M) + 2. As already observed in 
ll24l . if M is not simply connected, then AM (and AO is not connected, and it might be the 
case that (3k(AM ; K) = +oo for small values of k even if (M, g) has only a finite number 
of geometrically distinct non trivial closed geodesies. This might happen when there is 
a non trivial closed geodesic whose iterates have bounded Morse indexes. Thus, one can 
state the main result of the paper in the following slightly more general form: 

Theorem. Let (M, g) be a globally hyperbolic stationary Lorentzian manifold having a 
complete timelike Killing vector field, and having a compact Cauchy surface. Assume that 
the free loop space KM has Betti numbers (3k with respect to some coefficient field that 
satisfy: 

limsup/3fc = +oo. 

k — >oo 

Then, there are infinitely many geometrically distinct non trivial closed geodesies in M. 

Remark 8.5. Although it is clear how to produce examples of non trivial closed geodesies 
all of whose iterates have null Morse index (any minimum of / in a nontrivial free homo- 
topy class of M), it would be extremely interesting to produce Lorentzian examples having 
bounded, but non zero, Morse indexes. The homology generated by the iterates of such 
closed geodesies might be richer than the homology of the free loop space, as described in 
[4] for the Riemannian case. 

Remark 8.6. Extensions of the result of existence of multiple closed geodesies in Lorentzian 
geometry are possible, and indeed desirable, in more general classes of manifolds. The 
non simply connected case can be studied following the lines of the corresponding results 
in Riemannian geometry, as in ||2][3|. Finally, we observe that, in view to applications 
to General Relativity, it would be interesting to establish multiplicity results for (causal) 
geodesies satisfying more general boundary conditions. A particularly interesting case is 
that of causal geodesies whose spatial component is periodic. In the stationary case such 
geodesies have endpoints related by a global isometry of the spacetime, and an analysis of 
this case might be based on a variational setup as in [22, 23l l24ll45ll . 

Appendix A. An estimate on the relative homology of fiber bundles 

over S 1 

In this short appendix we will prove a result on the relative homology of fiber bundles 
over the circle with coefficients in an arbitrary field K, that will allow a slight generaliza- 
tion of the result of Gromoll and Mayer. 

Proposition A.l. Let K be a field, and let ir : E — > S 1 be a fiber bundle with typical 
fiber Eq. Let E 1 C E and E' C Eq be subsets such that for all p 6 S 1 there exists a 
trivialization 4> p : 7r _1 (S 1 \{p}) — » (S 1 \{p}) xEq whose restriction to tt~ 1 (S 1 \{p})n£" 
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gives a homeomorphism with xE' Q . Then, for all k > 0, the following inequality 

holds: 

dim (H k (E, E'; K)) < dim (H k (E , E' ; K)) + dim {H k _ x (E , E' Q - K)) . 
Proof. Consider two distinct points pi , p2 6 S 1 and set: 

X; = 7T- 1 (S 1 \{p i }), ^-I t n£', i = 1,2, 

so that 15 = Xi 1J X 2 and E' = A X \]A 2 . The pairs (Xl, X 2 ) and (Al, A 2 ) are excisive 
couples for E and 15' respectively, since X{ is open in X and A, is open in A, i = 1,2. 
Hence, there is an exact sequence (Mayer- Vietoris, see for instance ll38l § 8.1]): 

> H k {X 1 r\X 2l A 1 nA 2 ;K) H k (X u A^K) ® H k (X 3 , A 3 ;K) 

— > H k (E, E'; K) — > H k -i(Xi n X 2 ,A\ n A 2 ; K) ^ 

Clearly, 

^! n x 2 = 7T- 1 (s 1 \ {pi, P2 }), Ai n A 2 = 7T- 1 (s 1 \ {pi.pa}) n 

We will determine an estimate on the size of the image and the kernel of the map: 

a{ : H J {X 1 nX 2 ,A 1 nA 2l K) — ► Hj(Xi,Ai;K), 

j > 0, that is induced by the inclusion ii : (X% PI X 2l A\ n j4 2 ) — * Choose 
a trivialization : 7r _1 (S 1 \ {pi}) — > (S 1 \ {pi}) x Z5 compatible with £" as in the 
assumptions, and denote by <f> the restriction of <t3 to 7r _1 (S 1 \ {pi ,p 2 })- We have induced 
isomorphisms: 

^ (tt- 1 (s 1 \ H) - (s 1 \ W) n£' ; k) 

Hj ((S 1 \ fa}) x £ , (S 1 \ {px}) x E' ; K) ^H^E^E'^ K), 
ff, (tt- 1 (S 1 \ K p 2 }) , tt- 1 (S 1 \ KP2}) Pi-E"; K) 

^((S 1 \ {pi, P2 }) xi5 , (S 1 \ {p!, p 2 }) x^; K) ^H^E'o, K)®Hj(Eo, E' ;K). 
It is immediate to verify that the map 

0, o oj o : fl^.^K) © Hj(E , Eq-jK) -» ^(Eq, ££; K) 

is the sum (x, y) 1— > x + y, which is surjective. It follows that the dimension of the image 
of the map a{ © a 2 is greater than or equal to dim(Hj(Eo, E^jK)), while the kernel 
of a{ © a 2 has dimension less than or equal to dim(Hj(Eo, E' Q ; K)J. From the Mayer- 
Vietoris sequence, we now pass to the short exact sequence: 

-> Vfc -» £7'; K) -> Ker^" 1 © c^ 1 ) -» 0, 

where 

V k = (H k (E , E' ; K) © fffc(£ , ^; K))/Im(a* © a£), 

obtaining: 

dim(£T fc (£J,£?';K) = dim(Vfc) + din^Ker^ -1 © a^ 1 )) 

< dim (H k (E , E' ; K)) + dim (H k _x{E , Eq]K)). □ 
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An example where Proposition lA. ll applies is given by considering fiber bundles E that 
are associated bundles P Xq Eq of a G-principal fiber bundle P over S , where Eq is a 
G-space (i.e., a topological space endowed with a continuous left G-action), E' C Eq is 
a G-subspace of Eq, and E' = P Xq E' (see ll40l Ch. 1]). This is the situation in which 
Proposition |AT| is used in the present paper (recall the definitions of the pair of bundles 

(ED). 
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